THE FALL MEETING OF THE KENTUCKY SECTION 


A joint meeting of the Kentucky Section of the Mathematical Association 
of America and the Kentucky Section of the National Council of Teachers of 
Mathematics was held at the University of Kentucky on Saturday, October 25, 
1941. Professor Tryphena Howard, president of the Kentucky Section of the 
Council, presided at the morning meeting. 

There were sixty-two in attendance, including the following nineteen mem- 
bers of the Association: N. B. Allison, M. C. Brown, L. W. Cohen, H. H. 
Downing, L. A. Fair, Charles Hatfield, Tryphena Howard, E. D. Jenkins, Fritz 
John, C. G. Latimer, F. Elizabeth LeStourgeon, W. L. Moore, Sister Charles 
Mary Morrison, R. S. Park, Sallie E. Pence, D. W. Pugsley, D. E. South, Guy 
Stevenson, H. A. Wright. 

The chairman of the Kentucky Section of the Mathematical Association of 
America, Professor L. A. Fair, presided at the luncheon meeting which followed 
the morning session. 

The following papers were presenied: 

1. “Some psychological aspects of the teaching of arithmetic” by Professor 
M. E. Schell, Western Kentucky State Teachers College, introduced by Pro- 
fessor Howard. 

2. “Errors on freshman entrance examinations” by Professor H. A. Wright, 
Transylvania College. 

3. “Mathematics enters naturally into practical problems” by Professor 
O. T. Koppius, University of Kentucky, introduced by Professor Howard. 

4. “Mathematics and science in the national defense program” by Professor 
D. W. Pugsley, Berea College. 

5. “Mathematics and the environment” by Sister M. Raymond, Ursuline 
College, introduced by Professor Howard. 

6. “On the invariants of a conic section” by Professor C. G. Latimer, Uni- 
versity of Kentucky. 

7. “Mathematical instruments” by Edith Wood, Okolona High School, 
Louisville, introduced by Professor Howard. 

8. “Treatment of a certain improper integral” by Professor W. C. Wineland, 
Morehead State Teachers College, introduced by Professor Fair. 

Abstracts of the papers follow, numbered in accordance with their place on 
the program: 

1. Professor Schell stressed the following points (a) the language of mathe- 
matics is an attempt by mankind to express accurately his mental reactions 
as employed in quantitative thinking; (b) the intelligent use of this mathe- 
matics is based upon a correct comprehension of the mental processes the lan- 
guage represents; (c) the solving of a problem is a mental process or a series of 
correctly related mental processes, commonly known as analysis; (d) every 
problem intelligently solved must necessarily be correctly analyzed; (e) the 
teacher’s leading approach in developing the ability to do correct quantitative 
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thinking is through the language of mathematics; (f) the correct solution of 
a problem is based upon correct quantitative thinking, hence more emphasis 
should be placed on developing this ability rather than upon the mechanical 4 
processes of expression as is so often done. 

2. A brief study of two sets of freshman entrance examinations was made 
by Professor Wright, using Kentucky Mathematics Test, Form KM 38 and 
Form KM 40. The problems in the latter differ slightly in wording from the 
former but not in principle. A comparison of the two sets of papers indicated 
a lack of ability to analyze statements accurately. The errors on each set indi- 
cate a lack of knowledge of the fundamental principles of arithmetic and algebra. 

3. Professor Koppius applied elementary mathematics to a problem in geo- 
physics. In deep bore holes, such as deep oil wells, the course of the pipe fre- 
quently veers from the vertical to a great extent, and may be in any azimuth in 
a horizontal plane. Applying simple principles of geometry and trigonometry 
together with the fact that the definite integral between x; and x2 is the area 
under the curve, it is shown that the position of the bottom of deep wells with 
respect to the origin taken at the well mouth on the surface can be determined 
in terms of 6, a, and L, where 6 is the angle which a pipe section dZ makes with 
the vertical at any point, a is the angle which the projection of dL makes with 
the N-—S direction in the horizontal plane, and L is the total length of pipe in 
the hole. For finding the true vertical depth, only the 6’s at the corresponding 
L's are necessary. A device was described for observing the various 6, a, and L. 

4. Professor Pugsley described the Engineering defense training program 
in introductory Engineering subjects as carried out in Pennsylvania during the 
summer of 1941. The program was outlined as ten week tuition free courses in 
mathematics, physics, chemistry, drawing, and mechanics for “superior” high 
school graduates who had had two years of mathematics and one year of science, 
and who did not plan to enter college. Supervised study and special lectures 
supplemented the class work. About 3200 students enrolled (1948 completed the 
work) in 150 classes held in 100 or more cities and towns. Three hundred teach- 
ers were employed. As far as possible the teachers were selected from those who 
had had college teaching experience and at least a master’s degree. The actual 
results of the program are difficult to state at this time. Data seemed to indicate 
that about one-fourth of the group had already been employed in industry, 
that many were going on with further study in evening classes elsewhere and 
would probably be employed soon. The circumstances of employment were 
governed largely by the local situations. 

5. Sister Raymond, stated that mathematics is acknowledged to be a tool 
subject but the question, “A tool for what?” is often left unanswered. In order 
to offset this weakness in the teaching of mathematics, Ursuline College has 
arranged extension courses for the soldiers who are serving their country at 
Bowman Field. These special courses center entirely around problems of flying. 
For example, when the soldiers have completed the study of mechanics wherein 

¢ they are to be taught the principles of analyzing a law and then deriving their 
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own equations to express the law, they will be given a problem of airplane de- 
sign and performance in which they must, using all the basic physical laws of 
mechanics, calculate all necessary data used in the design of airplanes. By this 
means the college hopes to bring in closer contact mathematics and the en- 
vironment. 

6. Professor Latimer obtained the well-known invariants of a conic by a 
method involving very little computation and no algebraic material beyond 
high school algebra. In most analytic geometry texts, considerable computation 
is used on this problem and of course the elegant methods of higher algebra 
cannot be used. 

7. The use of instruments in the classroom, material things which students 
can see, handle, and measure, makes the teaching of mathematics more real and 
vital. Instruments made by the students themselves have more meaning than 
those factor made, though the latter have their place in accuracy of measure- 
ment. A sundial can easily be made by any skillful mathematics student with 
a little instruction. Geometry and trigonometry underlie its construction. Miss 
Wood stated that other simple, inexpensive instruments easily made by stu- 
dents and illustrating many theorems in geometry and algebra are the panto- 
graph, proportional dividers, center-square, angle trisector, 7-square, astrolabe, 
clinometer, and a telescope with a magnification of 72. 

8. Professor Wineland discussed the method used by H. Bethe, Ann. der 
Phys. 5, 325 (1930), in treating a certain improper integral which arises in the 
application of the Born approximate method to scattering by a Coulomb field. 
In this treatment, the divergent integral {> sin Kr dr is replaced by its mean 
value over a range of K from K—AK to K+AK, the order of integration is 
reversed and the resulting integral is evaluated. It was shown that this pro- 
cedure is indicated by the physical consideration that the parameter K, which 
is a function of the scattering angle, is not constant but varies over some small 
range of values. 

D. E. Soutn, Secretary 


THE NOVEMBER MEETING OF THE MICHIGAN SECTION 


The fall meeting of the Michigan Section of the Mathematical Association 
of America was held at the University of Detroit, Detroit, Michigan, on Satur- 
day, November 15, 1941. Professor T. R. Running, chairman of the Section, 
presided at both the morning and afternoon sessions. 

The attendance was sixty-three including the following thirty-nine members 
of the Association: N. H. Anning, J. W. Baldwin, W. D. Baten, E. F. Becken- 
bach, F. A. Beeler, E. G. Begle, E. E. Blanche, J. M. Bookstein, W. M. Borg- 
man, J. B. Brandeberry, C. J. Coe, A. H. Copeland, Max Coral, C. C. Craig, . 
P. S. Dwyer, Peter Field, K. W. Folley, V. G. Grove, J. F. Heyda, T. H. Hilde- 
brandt, E. E. Ingalls, L. S. Johnston, P. S. Jones, Wilfred Kaplan, L. C. Karpin- 
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ski, E. D. McCarthy, D. C. Morrow, A. L. Nelson, J. E. Powell, G. Y. Rainich, 
E. D. Rainville, Arthur Rosenthal, L. J. icouse, T. R. Running, E. R. Stabler, 
B. M. Stewart, G. B. Van Shaack, Fern Welker, E. T. Welmers. 

The following program of twelve papers was presented: 

1. “Reduction of systems of linear differential equations” by Professor Max 
Coral, Wayne University. 

2. “Stereographic projections with applications to navigation” by Professor 
L. S. Johnston, University of Detroit. 

3. “Independence and the rank of a probability matrix” by Professor A. H. 
Copeland, University of Michigan. 

4. “Solution of the general cubic by hyperbolic and circular functions” by 
Dr. E. E. Blanche, Michigan State College. 

5. “On mean curvature” by Professor Samuel Eilenberg, University of 
Michigan, introduced by the Secretary. 

6. “Establishing the price of a work of art by Birkhoff’s formulas” by Pro- 
fessor L. C. Karpinski, University of Michigan. 

7. “Solitaire on a checkerboard” by Dr. B. M. Stewart, Michigan State Col- 
lege. 

8. “The Hamilton differential” by Professor V. C. Poor, University of 
Michigan, introduced by the Secretary. 

9. “Slide rule for a road spacing problem” by Dr. E. E. Ingalls, Albion 
College. 

10. “Isogonal trajectories of a pencil of planes” by D. K. Kazarinoff, Uni- 
versity of Michigan, introduced by the Secretary. 

11. “Rotations in space with rational direction cosines” by Professor N. H. 
Anning, University of Michigan. 

12. “Testing advertising effectiveness through eye movement photography” 
by Dr. J. J. McNamara, University of Detroit, introduced by Professor John- 
ston. 

Abstracts of the papers follow, numbered as above: 

1. Professor Coral reviewed the known theory concerning the reduction of 
the order of a system of linear differential equations, 


yt = Yr, (i, k i, 3; x = 
If p linearly independent solutions y;.(x), (s=1, 2,--+, p), of the system are 
known, for which the determinant | yre| , (r, s=1, 2,-++, p), is never zero on 


x1 x x2, then the system can be reduced by a suitable transformation to one 
of order n—p. Using a theorem due to Bliss, Professor Coral showed the theorem 
can be proved without the hypothesis concerning the determinant | ral - 

2. Professor Johnston pointed out the simplicity of the stereographic projec- 
tion of the sphere on the plane from the standpoints of construction and meas- 
urement and showed the graphical solution of the spherical triangle as applied 
to great circle sailing, to mapping and to practical astronomy. He urged the 
study of this projection in the courses in solid geometry and trigonometry, par- 
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ticularly in view of its value in navigation and “avigation” and other phases of 
civil and military activity connected with the war effort. His paper was illus- 
trated with a set of fifteen large charts. 

3. Professor Copeland represented the probability that two random vari- 
ables x and y will take on the values a; and 6; respectively by an m by m matrix 
(W;;). He showed that various types of dependence are associated with the rank 
of this matrix. Thus strict independence is equivalent to the condition that 
(W;;) be of rank 1. The constancy of the regression curve implies that (W;;) is 
of rank less than m and n. The vanishing of the correlation coefficient places 
no restriction on the rank in the general case, but for m=n=2 all three types 
of dependence coincide. 

4. Dr. Blanche showed that the reduced cubic x*+3Hx+G=0 may be 
solved by the use of the formulas for sin 3x, cos 3x, sinh x, cosh x, sin (u+v). 
He discussed first the case in which H and G are real, showing how solutions 
may be obtained under the various possible combinations of signs of H and G. 
He also discussed the general case in which H and G are complex, calling atten- 
tion to similarities to the real case. 

5. Professor Eilenberg considered first a function f defined and continuous 
on the surface S* of a unit sphere in euclidean (m+1) space, and he defined 
F(p) to be the average of f on the (n—1) sphere equatorial relative to p. He 
then showed that f and F have the same integral over S”. It thus appears that if 
+f(p2) + + =k whenever pi, po, ++, Pays are mutually orthog- 
onal unit vectors, then the average of f on S" is k/(m+1). As an application of 
this result he pointed out that the mean curvature of a Riemannian manifold 
usually obtained by contracting the curvature tensor can be likewise obtained 
using the averaging method of harmonic analysis. 

6. Professor Karpinski first discussed the criteria which might be employed 
to determine the validity of an application of mathematical formulas to new 
domains and applied his conclusions to Birkhoff’s formulas for aesthetic meas- 
ure and ethical value. Assuming the validity of the methods and formulas given 
by Birkhoff in a popular lecture, “A Mathematical Approach to Ethics” in the 
Rice Institute Pamphlet for January, 1941, Professor Karpinski added a third 
formula and with its aid calculated with perfect accuracy the price at which a 
great work of art was recently sold. 

7. Dr. Stewart established necessary and sufficient conditions for clearing 
checker boards of various shapes of all the checkers but one, employing the 
usual king’s jump. His paper appeared in this MONTHLY for April, 1941. 

8. Professor Poor pointed out the value of the Hamilton differential in the 
absolute geometric development of vector analysis. He established a necessary 
and sufficient condition for the existence of the Hamilton differential of a poly- 
genic function. 

9. Dr. Ingalls explained the problem of the spacing of logging roads in timber 
land and its solution by Professor D. M. Matthews of the Department of 
Forestry of the University of Michigan. He exhibited a practical circular slide 
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rule by which the optimum distance between roads could be calculated from 
the cost of skidding logs, cost of road construction and density of timber. 

10. Mr. Kazarinoff treated the problem of the determination of a family of 
curves cutting a given pencil of planes at a given angle @ and lying in a plane 
making a given angle 8 with the axis of the pencil. He showed that for a= 
the curves are circles for which the axis of the pencil is a focal line. For a<f the 
trajectories are spirals and for a >8 no continuous solution exists. 

11. Professor Anning exhibited several neat two parameter formulas by 
which rotations in space with rational direction cosines may be obtained. He 
discussed in particular rotation about the line x =y =z. 

12. Dr. McNamara presented a statistical study of the effectiveness of 
advertisement, the data being collected by an ingenious photographic method. 
The variates employed were the advertisement itself, its position in the pub- 
lication and the age and education of the reader. 

C. J. Cog, Secretary 


THE SIXTEENTH ANNUAL MEETING OF THE 
PHILADELPHIA SECTION 


The sixteenth annual meeting of the Philadelphia Section of the Mathe- 
matical Association of America was held at Swarthmore College, Swarthmore, 
Pennsylvania, on Saturday, November 29, 1941, Professor Arnold Dresden 
presiding. 

The attendance was about fifty, including the following thirty-three mem- 
bers of the Association: E. F. Allen, C. B. Allendoerfer, J. A. Benner, H. W. 
Brinkmann, P. A. Caris, J. W. Clawson, Richard Courant, E. H. Cutler, J. E. 
Davis; L. J. Deck, F. L. Dennis, Arnold Dresden, Tomlinson Fort, R. M. 
Foster, H. S. Grant, J. E. Ikenberry, R. B. Kleinschmidt, J. R. Kline, V. V. 
Latshaw, W. F. Long, F. L. Manning, Clifford Marburger, R. W. Mariott, A. E. 
Meder, Jr., W. R. Murray, F. W. Owens, Helen B. Owens, G. E. Raynor, C. J. 
Rees, I. J. Schoenberg, C. A. Shook, C. V. L. Smith, W. M. Smith. 

At the business meeting the following officers were elected for next year: 
Chairman, C. O. Oakley, Haverford College; Secretary, P. M. Whitman, Uni- 
versity of Pennsylvania; Program Committee, H. W. Brinkmann, chairman; 
J. E. Davis, and J. A. Shohat. It was voted to hold the 1942 meeting at the 
University of Pennsylvania, Philadelphia, Pennsylvania, on Saturday, Novem- 
ber 28, 1942. The Section approved in principle a progress report on the ac- 
tivities of the Committee for the Promotion of Science in Secondary Education 
for the State of Pennsylvania. 


The following papers were presented: 
1. “The problem of the square pyramid” by Professor R. P. Bailey, La- 
fayette College, introduced by Professor Oakley. 
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2. “Cubic congruences” by Professor H. W. Brinkmann, Swarthmore Col- 
lege. 

3. “Recent developments in the Cauchy theory of analytic functions” by 
Dr. P..T. Maker, Rutgers University, introduced by Professor Oakley. 

4. “Problems of stability and instability demonstrated by soap film experi- 
ments” by Professor Richard Courant, New York University. 

Abstracts of the papers follow, the numbers corresponding to the numbers 
in the list of titles: 

1. Professor Bailey presented an account of the problem of the square pyra- 
mid. After the solutions of Lucas, Watson, and others had been reviewed, it was 
shown that the truth of Lucas’s Theorem may be made to depend on the proof 
that a certain quartic has no integral solutions, trivial or otherwise. The equiva- 
lence of Lucas’s system of equations to other interesting systems was shown. 

2. Professor Brinkmann discussed the relations between the discriminant of 
a cubic polynomial and its roots, if any, for a prime modulus. An elementary 
proof was given for a theorem due to Voronoi. 

3. Dr. Maker discussed the contribution of modern measure theory to the 
problem of reducing the conditions on a function of a complex variable in order 
that it be analytic. The theory of functions monogenic on general sets, and a 
generalization of the Cauchy theorem to functions on closed sets, were ex- 
amined. 

4. Professor Courant stated that if a dynamical system permits different 
states of stable equilibrium, corresponding to relative minima of the potential 
energy, then there must exist transitions between these two states leading over 
an intermediary state of unstable equilibrium (maximinimum of energy). In 
mathematical terms: If a problem of stationary values leads to two different 
solutions of minimum character, then there must be expected at least one third 
solution of non-minimum character. This principle can be demonstrated by 
soap film experiments partly of a novel type, relating to minimal surfaces and 
systems of such surfaces. Likewise surfaces of constant mean curvature are 
used. These experiments and their mathematical basis are related to classical 
minimum problems of elementary geometry. They point to a new field of the 
calculus of variations where the problem is not to connect two elements in the 
plane or curves in space by extremal arcs or surfaces, but to connect any number 
of points or any closed graph in space by systems of extremals that intersect 
in not prescribed points or lines. In addition, a link between these problems and 
classical isoperimetric problems will be established. 


P. A. Carts, Secretary 


WHAT IS THE ERGODIC THEOREM? 
G. D. BIRKHOFF, Harvard University 


The integral of Lebesgue (1901), founded upon Borel measure, has been a 
dominating weapon in the striking advance of Analysis during the present 
century. Perhaps the Ergodic Theorem (1931) is destined to hold a central posi- 
tion in this development. Indeed, Wiener and Wintner in a recent article* refer 
to it as “the only result of real generality established for the solutions of dy- 
namical systems.” 

To understand the theorem and the nature of its applications it is necessary 
first of all to say something about (Borel-Lebesgue) measure, 7.e., “probability” 
in the sense sketched by Poincaré in the third volume of his Méthodes Nouvelles 
de la Mécanique Céleste. We restrict ourselves to the case of a line segment of 
unit length with coérdinate x, 0 <x <1. Suppose that we have a set of non-over- 
lapping intervals, finite in number and of total length /<1 in this segment. 
The probability in a certain intuitive sense that a point, taken at random, lies 
in one of these intervals, is /; and the probability that it lies in the comple- 
mentary set is of course 1—/. 

Now suppose that we are given a point set M containing an infinite number 
of points, which can be enclosed within an infinite set of non-overlapping inter- 
vals of lengths /;, lz, - - - of total length. 


Then clearly the probability that a point, taken at random, lies in M, cannot 
exceed /; and the probability that it lies in the complementary set is at least 
1—/. If now M is of such a nature that it can be enclosed in an infinite set of 
intervals of total length not exceeding an arbitrarily small quantity e, it is ap- 
parent that the probability of a random point falling in M does not exceed 
€, 1.e. the probability is 0. Such a set M is said to be of measure 0. 

For instance, the set of rational points x =m/n which is everywhere dense 
on the line segment, is of measure 0. In fact these points may be arranged in 


order 
2,8 


and the mth one of these points may obviously be enclosed within an interval of 
length €/2". Since we have 


* On the ergodic dynamics of almost periodic systems, American Journal of Mathematics, vol. 
63, 1941. For an introduction to the literature see Eberhard Hopf’s “Ergodentheorie,” Ergebnisse der 
Mathematik und ihrer Grenzgebiete, Berlin, Springer, 1937. Our discussion here deals only with 
the “Ergodic Theorem,” and not at all with the “Mean Ergodic Theorem” of von Neumann, which 
stimulated me to reconsider some old ideas, and so led me to the discovery and proof of the Ergodic 
Theorem, embodying a strong, precise result which, so far as I know, had never been hoped for. 
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it is evident that this set of rational points is of measure 0. 
More generally, if we have a set M such that it can be enclosed within a set 
of intervals of length /2, with 


while the complementary set M can be enclosed similarly within intervals 
hy, le, + with 


for €>0 arbitrarily small, then M is said to be measureable of measure /; and 
its complementary set M will then clearly be measurable of measure 1—1. In 
this case the probability that a random point falls in M is obviously to be re- 
garded as /. 

All ordinary infinite sets specifically defined by analytic methods are found 
to be measureable in this sense. ‘ 

The gist of the Ergodic Theorem can now be illustrated by means of our line 
segment. 

Suppose that there is given any one-to-one measure preserving transforma- 
tion T of the line segment 0 <x <1 into itself; T may have a finite or infinite 
number of discontinuities. A first simple example is the following: Imagine the 
line segment 0 <x <1 bent into a circle of circumference 1, without any stretch- 
ing; the first transformation T is merely a rotation of this circle through a cer- 
tain angle a. A second example is the following: The line segment is divided 
into the infinite set of intervals, 


and then the second interval is interchanged with the first, the fourth with the 
third, etc., thus defining the transformation T. In both cases T is evidently of 
the stated type, and measure is preserved. 

The Ergodic Theorem then says: For any such measure-preserving trans- 
formation T, and for each individual point P (except possibly an exceptional set of 
measure 0), there is a definite probability that its iterates under T, from P on, 
namely 


P, T(P), T*(P), and P, T-*(P), 


fall in a given measurable set M. 

In other words the proportion of » of these points (beginning with P) which 
lie in the set M tends toward a definite limit y,, as m approaches infinity in 
either direction. 

More generally, a line segment may be replaced by a finite volume M of 
n-dimensions, n >1, and the points of M may be assigned a variable (integrable) 
positive weight, w(P). The generalized theorem would then assert that the cor- 
responding weighted means tend toward a limit u,. In the simple special case 
first stated, this weight is 1 for the points of M and 0 for the points not in M. 
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Or, again, for n>1 the discrete transformation T may be replaced by a steady 
measure-preserving flow T; in time ¢, and the analogous theorem holds. 

To illustrate this last possibility, suppose that in the square 0<«x<1, 
0<y<1, the points move with a uniform velocity in a fixed direction, making 
an angle a with that of the x axis, and leaving the square to return at the 
homologous point (see the adjoining figure). Evidently such a transformation 
T, is area-preserving. Let now M be any selected measurable part of the square, 
and let P be any point of the square—aside always from a possible exceptional 


Fic 1. 


set of measure 0. On the basis of the same theorem, there is a definite probability 
in infinite time, ‘20 or <0 that P;,=T,(P) falls within M, and this probability 
is the same in both directions. More generally a weight w(P) may be introduced 
in the case of a “flow” as well as in the discrete case. 

In more analytic garb, the theorem states in the two cases respectively that 
forn>+0,To+0: 


T Jo 


nN 


The kind of applications to dynamical systems which the Ergodic Theorem 
affords are exceedingly varied and interesting. Take the simple example of an 
idealized convex billiard table on which an idealized billiard ball P moves with 
velocity 1. In the figure let @=arc OA, gi, =arc OA1, 1=AP, l*=AA\. We have 
a transformation =7 (0, @) defined over a rectangle 


0<0<7; 0S ¢S (p = perimeter of table) 


in the 0¢-plane, associated with the motion. It is not hard to prove that T is 
measure-preserving in the sense that the double integral 


sin 0 
f f dodo 
sin 0; 


has the same value when extended over any measurable part of this rectangle 


Q 
O R 
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as over its image under 7; indeed it would be possible to deform the rectangle 
so that, over the new region, ordinary areas are preserved. 
Furthermore it is clear that, if we associate with any “state of motion” of 


Fic. 2 


the billiard ball, as of P, the three coordinates 0, ¢, / then a steady flow 7; is 
defined in the corresponding region of three-dimensional 6¢/-space: 


0<0<7; O<¢<p, OKSISI* 


in which the following volume integral is preserved: 


sin 0 
Sf 
sin 6, 


Thus the theorem applies to this flow. 

Here are three obvious applications to this simple but typical dyanamical 
problem: 

(1) the average length of m successive chords of the path tends to a definite 
limit, the same whether the time ¢ increases or decreases; 

(2) the average angle @ at m successive collisions tends to a definite limiting 
value; 

(3) the billiard ball tends in the limit to lie in any assigned area of the table 
a definite proportion of the time. 

There is one especially interesting case, which may in fact be the “general 
case” as far as we know: It may happen that all of the points of our volume be- 
have in essentially the same way in the mean (aside always from the excepted 
set of measure 0, of course). If they do not so behave, the underlying space can 
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be subdivided into invariant measurable sets; thus for an elliptical table, the 
motions lying wholly in the ring outside a smaller confocal ellipse form such a 
closed invariant set; and this is an integrable problem—a limiting case of 
geodesics on a flattening ellipsoid. 

What the Ergodic Theorem means, roughly speaking, is that for a discrete 
measure-preserving transformation or a measure-preserving flow of a finite 
volume, probabilities and weighted means tend toward limits when we start 
from a definite state P (not belonging to a possible exceptional set of measure 
0), and, furthermore, the limiting value is the same in both directions. 

The Ergodic Theorem applies to manifold deep problems of analysis and 
of applied mathematics—as well to the solar system as to our simple billiard 
ball problem! Thus in G. W. Hill’s celebrated idealization of the earth-sun- 
moon problem (the restricted problem of three bodies) we can at once assert 
(with probability 1) that the moon possesses a true mean angular state of rota- 
tion about the earth (measured from the epoch), the same in both directions of 
the time. 


FOCAL CUBICS ASSOCIATED WITH FOUR POINTS IN A PLANE* 
M. G. BOYCE, Western Reserve University 


1. Introduction. Let A, B, C, D be distinct fixed points and Z a variable 
point, all in the same plane. The locus of Z such that the directed angles AZB 
and CZD are equal, or equal when reduced modulo 7, will be referred to as the 
equal-angle locus with respect to the four points. Similarly, if the distance ratios 
AZ/BZ and CZ/DZ are equal, the locus of Z will be called the equal-ratio locus. 
Any ordered set of four points will be said to form an ¢4-basis for a given curve 
if the curve is an equal-angle locus for the four points in that order, and an 
R-basis is defined in the corresponding manner. 

Each of the two loci just described has long been known to be a circular 
cubic which passes through its singular focus. Such a cubic is called a focal cubic, 
since it is the locus of the foci of the conics cut from a cone of second degree by 
a pencil of planes whose axis is tangent to the cone and perpendicular to a prin- 
cipal section. Quetelet initiated the study of these focal loci in his inaugural dis- 
sertation [Gand, 1819] on the case in which the cone is right circular. The focal 
curve is then identical with the oblique strophoid. Van Rees} soon afterward dis- 
cussed the general case, Chasles and others followed with additional contribu- 
tions, and Teixeira{ in 1908 included a rather comprehensive treatment of focal 
cubics in his treatise on special curves. 


* A preliminary report on this paper was presented to the Ohio Section of the Mathematical 
Association of America, April 8, 1939. 
+ K. Van Rees, Memoire sur les focales, Correspondance mathématique et physique de A. 
Quetelet, vol. 5, Brussels, 1829, pp. 361-378. 
¢ F. Gomes Teixeira, Traité des Courbes Speciales Remarquables, vol. 1, Coimbre, 1908, pp. 
245-58. 
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The object here will be to study these curves by means of complex number 
representation and to investigate especially their properties relative to the base 
points. A complex number will be associated with a point as in the Gauss-Argand 
diagram. When a point is denoted by a capital letter, its complex number coérdi- 
nate will be denoted by the corresponding small letter, although when conven- 
ient the small letter will be referred to as a point also. Greek letters will designate 
real numbers, and a bar over a number symbol will denote the conjugate com- 
plex number. The viewpoint will be that of real metric Euclidean geometry. 


2. Certain points and lines related to an ordered four-point. First, we define 
the focal center of the ordered four-point A, B, C, D to be the point S such that 
the angles ASB and CSD are equal (not reduced modulo 7) and the ratios 
AS/BS and CS/DS also are equal. Its coérdinate s will satisfy the equation 


(1) (a — s)/(6— s) = (c—s)/(d — 5), 
and hence 
(2) s = (ad — bc)/(a +d —b-— 0), 


provided a+d#b+c. Obviously, S is on both the equal-angle and the equal- 
ratio loci. 

Next, let M and M’ denote the mean proportionals of A and D with respect 
to S. By this we mean that the numbers m—s and m’—s are the mean propor- 
tionals of a—s and d—s. From (1) it is readily apparent that B and C have the 
same mean proportionals with respect to S as do A and D. Hence 


(3) (m— s)? = (a—s)(d — s) = (b— s)(c — 5), m' —s = —(m—s). 


The points M and M’ will be called the mean points of the ordered four-point. 
The centroid of the four-point will be denoted by G. Its coordinate is 


g=(a+b6+c+d)/4. 


Finally, the line segment joining the mid-points of AD and BC will be called 
the middle line of the ordered four-point. 

The 24 ways of ordering four points give only three different values to the 
formula (2) for s. Thus an unordered four-point has three focal centers, three 
pairs of mean points, three middle lines, and one centroid. 


3. Equations of the loci. The directed angle AZB is the amplitude of the 
quotient (b—z)/(a—z), and the distance ratio AZ/BZ is the modulus of 
(a—z)/(b—z). It follows from the definitions of §1 that the equations of the 
equal-angle and equal-ratio curves can be written, respectively, 


(4-A) + 


| 
| 
; 
a-—3z 
—z d-z d-? 
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a 
b—z b6-% d—-z 


(4-R) 


These equations reduce to 


(5-A) — + diz? — — — + ag + ay = 0, 
(5-R) + + diz? + — bee + + + = 0, 
where 


@=atd-—b-e, a, = be — ad, 

a2 = (€+d)(b+c) — (a+d)(b+é), = (a+ — (6+ 0), 
a; = +d) —ad(b+é), 63 = ad(a+d) — + 2), 

a, = adbé — bead, = — adad. 


(6) 


Equation (5-A) is satisfied by a, 6, c, and d; whereas one member of (4-A) is un- 
defined for each of these values of z. For continuity we shall include these points 
as a part of the equal-angle locus. 

The equations (5) are equivalent to their conjugate equations and hence 
represent curve loci. They are of third degree unless a+d=6-+c. In the latter 
case the loci are equilateral hyperbolas, and the base points form a parallelogram 
in the order A B D C. Such an ordered four-point will be designated as a special 
basis* and will be excluded from further consideration in this paper. That is, we 
assume hereafter that a+d#b+c. 

To simplify the equations (5) take the origin at the focal center S of the base 
points and the real axis parallel to their middle line. Then, from (3) 


(7) ad = bc = m’, 
and the following relations hold among the coefficients (6), 


dy = dd, a, = 0, dz = ao(g — 8), be = ao(g + 2), 
a3 = bs = agm?, a= 


(8) 


By virtue of these relations equations (5) now become 
(9-A) — 227 — 2(g — — m*z + mz = 0, 
(9-R) 2°g + 22? — 2(g + + + = 0. 


* Other special cases of interest arise if the four base points are not all distinct. Especially 
deserving of comment is the equal-angle locus when A and D coincide, that is, the locus of points Z 
such that angle AZB=angle CZA (mod. x). This locus is a circular cubic passing through A, B, C, 
and the two Fermat points Fi, F: of the triangle. It has a crunode at A, where it cuts itself at right 
angles. (In particular, if AB=AC the locus is evidently the circumcircle and the perpendicular 
from A to BC.) Treated inversively in the manner of Morley, such a curve is a biquadratic through 
the six points A, B, C, Fi, F2, ©. In this connection see M. W. Dean, A system of six rectangular 
biquadratics, American Journal of Mathematics, vol. 52, 1930, pp. 585-600. Further references are 

~ there given to this case of a focal cubic with node. 
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Since 22 is a factor of the highest degree terms, the loci of equations (9) are 
circular cubics, and since it is also a factor of the terms of next highest degree, 
the singular focus is at the origin. Each curve thus passes through its singular 
focus, and we can state as a conclusion: 


THEOREM 1. The equal-angle and the equal-ratio loci for any non-special set 
of base points are focal cubics having a common singular focus at the focal center of 
the base points. 


4. Orthogonality of the curves. Addition of equations (9-A) and (9-R) gives 
— + m*) = 0, 


and subtraction gives the conjugate equation. Hence the finite points of inter- 
section of the two curves are the origin and two points whose coérdinates are 


It may be observed that the mean proportionals of these two points with respect 
to the focal center are M and M’ and that their centroid is G. 

To find the angles at which the two curves meet, first find dz/dz for each 
curve, since this gives the clinant* of the tangent to the c irve. We obtain from 
the equations (9) 


dz 2% — 228 —2(g—g)2+m? 27(m? — 2?) 


(10-A) —= = 
2? — 228+ 2(g — +m? 27(m? — 2?) 

(10-R) dz 2? + 223 — 2(g + + m? 2?(m? — 
dz 32 + 228 — 2(g + + 27(m? — 2?) 


At any point common to the two curves, one of these clinants is the negative 
of the other. This is the condition for perpendicularity, and hence the two curves 
are orthogonal at every point of intersection. 

By writing equation (9-A) in the form 

— 2 — 2(g — g)] — + mz = 0 
and (9-R) in the analogous form, the asymptotes are found to be 
(11-A) z—% = 2(g — 2), 
(11-R) Ug +9). 


These lines have clinants 1 and —1 respectively, and they intersect at the point 
2g. The foregoing results can be collected to give 


THEOREM 2. The equal-angle and the equal-ratio loci for a non-special basis 
intersect orthogonally in three finite points and have orthogonal asymptotes. The 


* The clinant of a line is a number of modulus unity and of amplitude equal to twice the in- 
clination of the line to the real axis. 
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three points of intersection of the curves and that of the asymptotes are vertices of a 
parallelogram whose center 1s the centroid of the base points. 


5. cA and & bases for any focal cubic. It is known that a focal cubic has a 
double infinity of -4-bases* and a double infinity of R-bases.t We shall charac- 
terize these bases analytically in complex numbers and thereby obtain a new 
geometric description of them. 

Since a focal cubic is a circular cubic which passes through its singular focus, 
its equation can be written in either of the forms 


(12) 2°Z — 227 — — + pz = 0, 
(13) 27g + 22° — 2622 + gz + gz = 0, 


where a and @ are real numbers. Both of these forms have the origin taken at 
the singular focus, while the real axis is parallel to the asymptote in (12) and 
perpendicular to it in (13). 

Now, to investigate e4-bases, we suppose the given focal cubic to have its 
equation in the form (12). By identifying (12) with (9-A) we see that for four 
ordered points a, b, c, d to form an ¢4-basis for (12) it is necessary that 


(14) ad = bc = , 
(15) 
(16) = 4ai. 


Conversely, those relations in (6), (7), and (8) which concern the equal- 
angle locus are implied by (14), (15), and (16), provided g—g be replaced by at 
and m? by p, and they in turn imply that (12) is the equal-angle locus for the 
basis a, b, c, d. By adding and subtracting (15) and (16) an equivalent pair of 
equations is obtained, and we can state that the conditions, 


(17) od be 6, 
(18) dai, 


are necessary and sufficient that the ordered four-point a, b, c, d form an -A-basis 
for the focal cubic (12). 

A non-self-conjugate equation in complex unknowns yields another equation 
when its conjugate is taken, while of course a self-conjugate equation does not. 
The two non-self-conjugate equations in (17) and the two self-conjugate ones 
in (18) are thus seen to give six conditions on the eight unknowns a, ), c, d and 
their conjugates. This verifies the existence of a double infinity of -4-bases for 
a given focal cubic. 

By eliminating d from the two equations in (17) and (18) which involve d, 
it is seen that a must be on the focal cubic. Likewise }, c, and d must be on the 


* Van Rees, op. cit., p. 375. 
{ Teixeira, op. cit., p. 51, 
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cubic. In fact, if any two points a and b are chosen on the curve (12), then (17) 
determines c and d so as to form an ¢/-basis. 

Next, to determine R-bases, let the equation of the given focal be (13). By 
identifying (13) with (9-R) and reasoning as before, we see that the conditions 
on a, b, c, d are (14) with g replacing p, (15), and 


(19) 48. 


Equations (15) and (19) can be combined into a single non-self-conjugate equa- 
tion, and we have that the conditions 


(20) ad = bc = q, 
(21) a+d+5+¢=28 


are necessary and sufficient that a, b, c, d form an R-basis for the focal cubic (13). 

The three non-self-conjugate equations (20), (21) yield six conditions in all, 
indicating that the R-bases of a focal cubic also constitute a doubly infinite sys- 
tem. One point, say a, can be chosen as any point in the plane not on the curve 
(13). Then equations (20) and (21) determine three other points 0, c, d which 
with a form an ®-basis for (13). 


6. Mean points and middle lines. By comparing (17) with (7) we see that 
every ¢/-basis for the focal cubic (12) will have the same mean points, namely, 
++/p. To find the mean points for R-bases for the cubic (12), apply the trans- 
formation z=iw and obtain 


wy + wi? — 2awd + (— p)w+ (— = 0. 


This equation is of the same form as (13), and hence by (20) all of its R-bases 
have the mean points +i\/p. Before transformation these points would be 
++/p, and we have 


THEOREM 3. All of the -A-bases and R-bases of a focal cubic have the same mean 
points. 


Thus the mean points of the bases are characteristic points of the curve, and 
we may speak of them as the mean points of the focal cubic. If the equation of a 
focal cubic is in either of the forms (12) or (13), then its mean points are the 
square roots of the coefficient of 2. 

The line parallel to the asymptote and midway between it and the singular 
focus is called the middle line of a focal cubic. For the cubics (12) and (13) the 
middle lines are, respectively, 


(22) 2—2Z= ai, 2+z=8. 


A focal cubic is uniquely determined when its mean points and middle line are 
given. 

From (18) it is seen that (a+d)/2 and (b+c)/2 satisfy the first of equations 
(22) and hence the middle line of the focal cubic contains the middle lines of all 
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the -4-bases of the cubic as segments. Again, by using (21) and its conjugate, the 
second of the lines (22) can be shown to be perpendicular to the segment joining 
(a+d)/2 and (b+c)/2 and through its midpoint. Hence the middle line of the 
focal cubic is the perpendicular bisector of the middle lines of all of its R-bases. 
We can now translate the necessary and sufficient conditions of §5 into the geo- 
metrical terminology of mean points and middle lines, as in the following theo- 
rems. 


THEOREM 4. An ordered four-point is an cA-basis for a focal cubic if and only 
if its mean points are the mean points of the cubic and its middle line is along the 
middle line of the cubic. 


THEOREM 5. An ordered four-point is an R-basis for a focal cubic if and only 
af its mean points are the mean points of the cubic and its middle line is bisected 
orthogonally by the middle line of the cubic. 


7. Common bases for a pair of orthogonal focal cubics. Consider any two 
focal cubics which have the same singular focus and orthogonal asymptotes and 
which are orthogonal at all points of intersection. We inquire now as to what con- 
ditions an ordered four-point must satisfy in order to be an ¢4-basis for one of 
the pair of curves and an ®-basis for the other. First, we note that the two focal 
cubics can have their equations taken in the forms (12) and (13). Next, by 
adapting the clinant formulas (10) to these equations, it can be shown that p 
and g in (12) and (13) must be equal if the two curves are to be orthogonal at 
all intersections. Since the mean points for focals (12) and (13) are the square 
roots of the coefficients of 2, we have 


THEOREM 6. Any two orthogonal focal cubics with a common singular focus 
have the same mean points. 


By virtue of this theorem we see that the same four-point can satisfy the 
hypotheses of both Theorem 4 and Theorem 5 for the focal cubics of an orthogo- 
nal pair. Hence 


THEOREM 7. An ordered four point is an -A-basis for one of two orthogonal 
focal cubics which have a common singular focus and is an R-basis for the other, 
if and-only if the mean points of the four-point coincide with those of the two curves 
and the middle line of the four-point is along that of the first curve and is bisected 
by that of the second. 


Analytic conditions for a common basis for a pair of orthogonal focal cubics 
can be obtained by combining the conditions of §5. Thus, if p=gq in (12) and 
(13), then (17), (18), and (21) are necessary and sufficient conditions that a, b, c, d 
form an -A-basis for (12) and an R-basis for (13). 

The equations (17), (18), and (21) comprise two self-conjugate and three 
non-self-conjugate equations. This would seem to give eight conditions, but it 
is found that (18) and (21) imply the conjugate of (21), and hence there are only 

” seven independent conditions on eight unknowns. Hence _ 


® 
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THEOREM 8. A pair of orthogonal focal cubics with the same singular focus has 
a single infinity of common cA- and R-bases. 


8. Centers of inversion. The inverse of z with respect to a circle with center 

c and radius p is the point y given by 
(2 — — €) = p*. 

This transformation applied to a focal cubic gives in general a bi-circular quartic. 
However, if the center is on the curve, the inverse curve is again a focal cubic. 
In particular, it is well known that a focal cubic inverts into itself if the center 
is taken at a point where the tangent is parallel to the asymptote and if the 
radius is the length of a tangent from such a point to the curve. 


To find the centers of self inversion of a given focal cubic, we take the equa- 
tion in the form (9-A) and set its clinant (10) equal to —1. This gives 


mz — mz = 0, ms + mz = 0. 
Since m and —™m are the mean points of the curve, we have 


THEOREM 9. The centers of inversion of a focal cubic are the points of inter- 
section, other than the singular focus, of the curve with two lines, one being through 
the mean points and the other the perpendicular bisector of the segment joining them. 


The elimination of 2 between #iz—mz=0 and (9-A) gives 
2(z? — 2myz + m?) = 0, 
where y is the real number (g—Z)/(m—m). Thus the roots are 29=0 and 


2 = my+ v7’? — 1), ze = my — Vy? — 1). 


If y?>1, then »/7?—1 is a non-zero real number and the three roots are all 
found to satisfy both mz—mz=0 and (9-A). If y?=1, then 2;=22 and the focal 
cubic has a node at this point. However, the node is not a center of inversion. 
Finally, if y?<1, then 2, and 2, do not satisfy mz—mz=0. 

A similar argument applied to the line #z-++-mz=0 shows that it always in- 
tersects the curve in two actual points besides the singular focus. 

Since the points g—Z and m—#@ are twice as far from the real axis as are the 
middle line and the mean points, respectively, the foregoing results can be ex- 
pressed as in the following theorem. The relation between the number of real 
centers of inversion and the number of circuits of a circular cubic gives at the 
same time a criterion for the number of circuits. 


THEOREM 10. A focal cubic has two or four real centers of inversion, and thus 
has one or two circuits, according as its mean points are or are not on opposite 
sides of its middle line. 

In the figure one set of base points A BCD is shown. The two-circuited curve 
is an equal-angle locus for this basis and the one-circuited curve is an equal- 
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ratio locus. The middle lines are the lines through G, and the asymptotes are 
those through H. The line segment EF is the middle line of the four-point 


ABCD. The centers of inversion of the one-circuited curve are designated by J’s 
and those of the two-circuited curve by K’s. 


MATHEMATICS PLACEMENT AT THE UNIVERSITY OF OREGON 
C. F. KOSSACK, University of Oregon 


Our problem is that of placing the entering college freshman in a mathe- 
matics course that best fits his preparation and his ability. A few years ago this 
problem was almost non-existent, since at that time students were assigned to 
one standard beginning course, usually College Algebra. In recent years the 
amount of high school mathematics given, as well as the caliber of courses 
taught has become so variable that colleges have been forced to introduce new 
freshman mathematics courses. With the advent of these new courses came the 
problem of placement. I would like to present the work done by the staff of the 
Department of Mathematics of the University of Oregon in its attempt to solve 
this problem. 

Experience has shown that the student’s mathematics record does not give 

-enough information to place him properly in one of the possible freshman 
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courses. What is taught as eleventh grade algebra in one school does not always 
correspond to the same titled course in another school. Further, what is consid- 
ered as B work in one school may rate no better than a low C in another. To help 
remedy this lack of placement information, a placement test was constructed and 
given to all students enrolling in freshman mathematics. The student’s score on 
this test, his high school record, and his score on an intelligence test were used 
in an attempt to place him in the proper freshman course. The statistical ap- 
proach of multiple linear regression was used. In using this method it is neces- 
sary that the variables used be numerical. To make the high school mathematics 
record numerical we studied the average college mathematics grade made by 
students having the same high school mathematics record. This divided our data 
into ten groups. The first group contained the students with no high school 
algebra, the second contained students who received an F in 9th grade algebra 
with no 11th grade algebra, the third contained those with a D in 9th grade 
algebra, and so on to the tenth group which was made up of students with A’s 
in both 9th and 11th grade algebra. The increase in the average freshman mathe- 
matics grade from one group to the next was approximately constant throughout 
the ten groups. This fact enabled us to use the following aeadle in translating the 
high school mathematics record to a numerical score. 


a Grade in 9th Average grade in 
sidiie No math grade algebra 9th and 11th 
with no 11th grade algebra 
1 x 
2 F 
3 D 
+ 
5 B 
6 A 
7 D 
8 Cc 
9 B 
10 A 
Let x; = placement test score, 


x2=high school mathematics score, 

x3 = psychological decile,* 

x4=scholastic decile, 

xs=number of years since high school graduation. 


* The students were given a psychological decile from their scores on the Ohio State Univer- 
sity Psychological Test, form 20. 

+ The scholastic decile was obtained by ranking the students according to the number of A’s 
and B’s in their complete high school record. From this ranking a decile score was obtained for 
each student. If the student’s rank in his graduating class is available, it could be used in place of 
the scholastic decile. 
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The problem was to predict the grade of work a student would do in the various 
first term mathematics courses from the above five variables. This was done by 
predicting an achievement score from the record of the student, where the 
achievement score is related to the possible grades in the mathematics courses 
by the following table: 


Achievement Elementary Intermediate College Elementary 
score, y algebra algebra algebra analysis* 

1 

3 

5 

7 

9 

11 

13 

15 

17 

19 

21 


That is, a student with an achievement score of 9 would be expected to make 
an A in Elementary algebra, a C in Intermediate algebra, and a failure in any 
more advanced course. 

From studying the records of 174 students who had finished their first term 
mathematics course and who had been given the placement test at the beginning 
of the term, the predicting or regression equation was found to be 


y = .41173 + + .66590x2 + .11512%3 + .11041%4 + .230314s. 


The standard error for the predicted y’s was equal to 2.3548. If one considered 
only x; and xz in his prediction he would have the regression equation, 


y = 1.51279 + .1330046x, + .7089780x2, 


with the standard error equal to 2.4228. This indicates that in placement work 
the factors x3, x4, and x, are almost superficial when considered with x; and x2, 
and hence in the rest of our work these factors were disregarded. 

From the standard error given above one can see that approximately two- 
thirds of the students actually received their predicted grades, while approxi- 
mately 95% received grades which were within one level of the predicted grade. 

It was decided that a student should not be placed in a course unless his 
predicted achievement score indicated that the student should be able to do C 
work or better in that course. In case this rule allowed two placements for a stu- 
dent, he should be assigned to the more advanced course. Using this rule the 
following chart was made and used in placing students. 


* * The text for this course is Milne and Davis, “Introductory College Mathematics.” 
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PLACEMENT CHART 


High school mathematics record 
Assign to Grade in 9th grade algebra Average grade in 9th and 11th 
F D Cc B A D c B A 
Elementary 0 0 0 0 0 0 0 0 
algebra to to to to to to to to 
40 33 28 23 17 12 7 1 
Intermediate 41 34 29 24 18 13 8 2 0 
algebra to to to to to to to to to 
84 78 73 68 62 57 52 46 41 
College 85 79 74 69 63 58 53 47 42 
algebra ao ao ao to to to to to to 
83 76 72 67 61 56 
Elementary 84 77 73 68 62 57 
analysis ao ao ao ao ao ao 


In this chart the intervals in the body of the chart refer to placement test scores. 
Thus a student with a C in 9th grade algebra and no 11th grade algebra who re- 
ceives between 29 and 73 points on the test would be assigned to Intermediate 
algebra. 

One of the main criteria used in the evaluation of any placement scheme is 
whether the placements keep course dropping at a minimum. In the actual use 
of this chart we have reduced the percentage of drops or changes of courses after 
registration from 29 per cent to 9 per cent of the enrollment. In considering 
whether or not 9 per cent is near the minimum one must bear in mind the fact 
that at the University of Oregon the regulations governing the dropping of courses 
are so liberal that most students drop courses instead of failing them. We hope 
that in future years our placements with the aid of the placement chart will be 
as accurate as they appear to be this year. However, we are continuing our work 
in this field in the effort to improve our technique. 


, 
| | 


AN APPLICATION OF VECTOR ANALYSIS TO THERMODYNAMICS 
J. T. RUCKER, University of Cincinnati 


1. Introduction. If E denote the internal energy of a one-component body of 
unit mass, S the entropy, V the volume, T the absolute temperature, and P the 
imposed pressure, then E=E (S, V), and equilibrium subsists if 


(1) T= Es, P=- Ey. 


The subscripts mean partial derivatives taken with respect to the quantity so 
indicated. A necessary and sufficient condition that the equilibrium be not un- 
stable (i.e., that it be stable or neutral) is that 


(2) 5E — + PV = 0, 


where 6E=E’—E, 6S=S’—S, and 6V=V’—V, and T and P are to be com- 
puted for the state (S, V) by (1). The unprimed letters refer to the state whose 
stability is in question; the primed letters denote any other possible state. 

It is our purpose to show how the geometrical properties of four fundamental 
thermodynamic surfaces may be deduced from a vectorial analogue of (2), and 
to indicate other applications of vector analysis to these surfaces and to plane 
diagrams derived from them. 


2. Development of the criterion. If the rectangular coérdinates x, y, z be 
identified respectively with S, V, and E, (2) becomes 


(3) bs — 2,6x — 2,5y 2 0. 
Letting f denote the position vector of a point R (x, y, 3), 
(4) br = [5x, dy, dz]. 

The normal to the surface s=2(x, y) at R is defined as 

(5) N =f, Xf, = [— 22, — 2y, 1]. 
From (4) and (5), 

(6) N+ or = 62 — 2,6x — 


The scalar product N: 6f affords a convenient geometrical criterion. The vec- 
tors N and 6f have a common origin at R, and N is perpendicular to the tangent 
plane at R, making an acute angle with the positive direction of the z-axis. If 
the criterion exceed zero, therefore, any point R’ on the surface, and, hence, the 
whole surface, falls above the tangent plane at R; if the criterion equal zero, 
R’ lies in the tangent plane; if it be negative, the surface falls below the tangent- 
plane. 

For the surface E = E(S, V), the sign of the criterion is given by (2). To ascer- 
tain its value for other surfaces, however, the variables must be expressed in 

aerms of Sand V. Thus 
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z= 2(S, V), = z= 2(x, 


whence 


and 


(8) (=) (2 =). 


To study the surface near a point, the variations may be taken sufficiently 
small so that orders of infinitesimals exceeding the second are negligible. Then 


(9) N-or = 3{2,.(5x)? + + 2yy(5y)?} = 4q. 


3. Applications. The four fundamental thermodynamic surfaces correspond 
to the equations 


E=E(S,V), A=A(T, V), H=H(P,S), F =F(P,T), 


where the functions A (the work content), H (the enthalpy), and F (the free 
energy) are defined as follows: 


(10) A=E-TS, 
(11) H=E+ PV, 
(12) F=E+PV—TS. 


Hence, by (7) and (8), and the equilibrium relations (1), 
Arp=-—S, Hp=V, Fp=V, Ay=-—P, Hs=T, Fr=-S. 
The criteria for the four surfaces, then, are expressible, by (6), as follows: 


(13)  E-surface, = 5E — ToS + Pov, 
A-surface, N+ = 6E — TéS + — 

= — {(— 6E) — T’(— 4S) + P’(— 6V)} — 
— ToS + + 
= — {(— 5E) — T’(— 5S) + P'(— 6V)} + 
(16)  F-surface, = — {(— 6E) — T’(— 6S) + P’(— 8V)}. 


(14) 


H-surface, N+ 
(15) 


In light of (2), the signs of the criteria for the various surfaces may be read 
immediately from (13)—(16). The signs of the quadratic form gq, its discriminant 
Zz2%yy — (2,)?, and the partial differential coefficients 2,2 and 2,, then follow. The 
signs of the principal curvatures and the forms of Dupin’s Indicatrix, as well as 
the positions of the surfaces relative to their tangent planes, thus are manifest. 
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In (2), the inequality sign holds for bivariant states, the equality for in- 
variant states, and for univariant, or two-phase, states, the relation applies as 
written. For points in the portion of the E-surface corresponding to univariant 
states, therefore, g20, and, hence, the discriminant, D, vanishes. This field, 
consequently, is developable. Let & denote the difference between the position 
vectors of the two points which lie on a generator and which correspond respec- 
tively to the two phases capable of coexistence. Then, if N be the normal at any 
point on the generator, 

a-N = 0. 
Let the tangent plane which contains the generator rotate about it through an 
infinitesimal angle and let the consequent new value of N be N’. Then 


a-N’ = 0. 
Hence, 
a-(N’ —N) = a-dN = 0. 
This is the vectorial equivalent of the Clapeyron equation. In terms of compo- 
nents, 
a-dN = [AS, AV, AE]-[— dT, dP, 0] = — ASdT + AVdP = 0. 
To convert the equation to its usual form, we replace AS by its equivalent L/T, 


where L denotes the specific latent heat of the change of state at the tempera- 
ture JT. Then 


dP/dT = L/(TAV). 


4. Some aspects of plane sections. Points on the E-surface in regions of 
stability are characterized by a positive definite quadratic form, and, conse- 
quently, D>0. Fields of instability, on the other hand, contain points for which 
the criterion is negative for certain continuous variations. Hence, g is indefinite, 
and D<0. From continuity considerations, therefore, boundary points between 
these fields must satisfy the relation 


(17) EssEvv — (Esv)*? = 0. 


The critical state corresponds to such a boundary point. 

The properties of the isentropic, isometric, isothermal, and isobaric curves 
at the critical point are of interest. Consider the SV diagram obtained by pro- 
jecting the E-surface on its base plane. The gradients of entropy, volume, tem- 
perature, and pressure are as follows: 


ov 


oT oT ad 
VT = =) i+ (—) j = Egsi + Esyv}, 
Vv s 


| 
| 
VS =1, 
VW =j 
= 
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aP aP 
Vr = (—) i+ (—) j =a Eysi Evyj. 
Vv Ss 


os OV 


From (17), it appears that the gradients of T and P are linearly dependent at 
the critical point, and, therefore, the isothermal and the isobaric have a common 
tangent there in the SV diagram. But the operator Y is formally invariant with 
respect to a transformation of coordinates. The property of tangency, conse- 
quently, must hold in any diagram whatever which represents states of the body 
uniquely. In particular, it follows that in any intensity-extensity diagram, con- 
stant intensity curves have horizontal tangents at the critical point. 

A consideration of the gradients, in connection with the fact that the critical 
state is stable and that, therefore, the temperature must increase with the en- 
tropy at constant pressure, reveals further that in circumscribing the critical 
point in a clockwise direction, the iso-curves are encountered in the order 
a, 

If W denote the work done by the body in undergoing a cyclical process, it 
is apparent that 


w=f pav = pyv-ar 
0 0 


where the integral is to be taken about the circuit in question. By Green’s Theo- 
rem, therefore, 


(18) w= f f (PVV)da. 


In the xy coérdinate system, (18) may be converted into its Cartesian equiva- 
lent, becoming 


(19) W = f 


The work associated with a closed path thus is given in terms of the area en- 
closed. Dimensional homogeneity requires that the jacobian of (19) have the 
dimensions of energy x area~!. J may be regarded, therefore, as the reciprocal 
of the scale of work in the xy-diagram. It is evident that the scale, in general, 
will vary with the position of a point in the diagram. If x and y be identified 
respectively with V and P, however, J = —1, and, hence, the VP diagram ex- 
hibits work to constant scale. Similarly, the ST diagram is of constant scale. 
The VS diagram, on the other hand, is of variable scale. 

In the mapping of points in a variable scale diagram upon the VP plane, a 
sufficient assurance of biunique correspondence is that J #0. The sense of rota- 
tion, however, will be preserved or reversed according as J is positive or nega- 
tive; t.e., the region in which J <0 will be inverted in mapping on the VP plane. 
In view of the continuity between the two regions, such an inversion is attain- 
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able only by “folding” along the line upon which J vanishes. In the VP diagram 
for certain substances, consequently, there will occur regions of points which 
are double-valued with respect to the corresponding thermodynamic states. 
Moreover, this property may be expected in any diagram of constant scale, as 
is evident from the consideration that circuits described in the same direction 
in a diagram of variable scale may be associated with quantities of work of op- 
posite sign; whereas, this is not possible in a constant scale diagram.* 

The deformations necessary to transform the VS plot into various other 
plane diagrams may be illustrated through the action of variable, planar dyadics. 
Let 


t= Vi+ Sj and 
Then 
= Vi+ Pj. 
The transforms are evidently position vectors of points in the VP diagram, the 


effect of ® being to slide all points vertically so that the isobars become horizon- 
tal lines spaced linearly with respect to P. Again, let 


V JJ 


Then 
= Tit Pj. 
The VP diagram thus is transformed into the TP plot. A single dyadic Q which 
duplicates in action the two dyadics given above is defined by the equation 
Q= 


5. Interrelationships. Mutual and reciprocal properties of the four surfaces 
will appear from an inspection of the following table in which the quantities 
E, H, A, and F are displayed, for the sake of uniformity, as scalar triple prod- 
ucts. The expressions may be verified easily by expansion and reference to the 
defining equations (10)—(12). 


Quantity Surface SVE PTF TVA PSH 
F Xf, i-T, Xf i-T, Xf 
A tXi.-j fXf,-j 2 f,Xf,‘T 


* A case in point is furnished by water. In the VS diagram, J= —(0P/0S)y. The line of fold 
here is the curve which represents liquid states of maximum density; for along this curve, J van- 
ishes, and on opposite sides of it, J assumes opposite signs. 
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A NOTATION FOR INFINITE MANIFOLDS 
EDWARD KASNER, Columbia University 


I wish to introduce a notation for the content of a manifold of geometric 
objects depending on arbitrary functions. Our symbolism has been found useful 
in problems of geometry and physics, especially those depending on systems of 
partial differential equations. The notation was first mentioned in my review of 
Riquier’s treatise on differential systems. (See Bulletin of the American Mathe- 
matical Society, 1912.) 

The content of a set of geometric objects, each uniquely determined by n 
arbitrary constants, is denoted by the familiar notation ©”. Thus the number of 
points in ordinary space is »%, and the totality of events in Einstein space is «+. 
There are ©‘ straight lines in space. The conics of the plane are ©* in number, 
whereas the number in space is « °. There are ° quadric surfaces in space. 
The number of orbits of conceivable planets in the solar system obeying Kepler’s 
laws is 05, A rigid body moving freely in space has 6 degrees of freedom. The 
number of possible positions is ©°, 

Although the preceding sets are quite large in content, we soon meet mani- 
folds which are very much more extensive. For example, consider the totality of 
curves in space; this depends on two arbitrary functions of a single variable, 
that is, y and z are arbitrary functions of x. This set would be of the type «® 
since the number of arbitrary constants is endless. But this vague symbol would 
represent also the number of surfaces in space, which depends on one arbitrary 
function of two variables, that is, z is an arbitrary function of x and y. Therefore 
to distinguish between these two obviously distinct manifolds, we suggest that 
the number of curves in space be denoted by the symbol ©?/ and the number 
of surfaces by the symbol « !/°), 

As another example, the number of cylinders in space is © ?+!/, because a 
cylinder is determined by selecting an arbitrary curve in a fixed plane as base 
and an arbitrary direction in space for the generators. The 2 denotes two arbi- 
trary constants and may be denoted by 2 f(0). Hence the totality of cylinders 
in space is ©?/(%+1/(), Similarly, we find that the total set of cones in space is 
oo 8/10 +14), Of course usually we may omit f(0) without ambiguity. 

We make the following definition: Let a manifold M depend on ro constants, 
1, functions of 1 variable, re functions of 2 variables, - - - , rx functions of k variables. 
Then the content of M is expressed by the symbol 


(S) co (k) 


The complete exponent represents the number of degrees of freedom. 

In a given plane field of force, there are ©* dynamical trajectories. However, 
the number of possible plane fields of force, since this depends on two functions 
of two variables, will be ©? /. A given field of force in space possesses 5 
dynamical trajectories. The complete set of fields of force in space is ©, (See 
my Princeton Colloquium Lectures 1912, 1934.) 
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The conformal and equilong groups of the plane each consist of «?/ trans- 
formations. The group of all lineal element transformations preserving the set of 
all isothermal families is much larger, and is expressed by the symbol «!/(+4/(), 
On the other hand, the group preserving the dual-isothermal type is expressed 
by the symbol ~ °/, If we ask how many isothermal families of curves are pos- 
sible, we find the symbol «*/‘, The same is true for the dual-isothermal type. 

It is known that "and ©”, where m#n, are topologically distinct (Theo- 
rem of Brouwer). Now I wish to propose two fundamental questions. Firstly, 
are and where k>0 and m#n, topologically distinct? Secondly, 
how can we topologically compare ~/“ and o/ where k#/? For example, 
does there exist a one-to-one continuous correspondence between all the curves 
and all the surfaces of space? In general, what is the effect of changing the co- 
efficients or the arguments or both in the exponential symbol for infinite mani- 
folds? Evidently in any rigorous discussion we must refine the type of “arbitrary 
function” admitted (as regards continuity, differentiability). In most applica- 
tions it is perhaps wise to confine ourselves to analytic functions. This is the case 
in the publications referred to in the final paragraphs. (Ambiguities may arise 
in counting the functions.) 

Before closing, I wish to give the following additional examples of ©”. The 
content of the opulence of lineal elements of the plane is ©*. In the opulence are 
contained the totalities of «4 geometric turbines, © limacon series, «©? flat 
fields, «4 spherical fields, and ~ ® quadric fields. 

The turbine group, defined by the preservation of the manifold of +4 geo- 
metric turbines, is isomorphic to the projective group of space and consists of 
«15 Jineal element transformations. An important subgroup of this is the Lie 
group consisting of the '° contact transformations of the plane preserving the 
set of * circles. Also we may mention the Moebius and Laguerre groups, each 
possessing ©° correspondences, which are themselves subgroups of the turbine 
and Lie groups. As a final illustration, we may give the whirl-motion group, 
studied extensively by myself and De Cicco, which consists of the ©® lineal 
element transformations obtained by compounding turns, slides, and motions. 
This is a subgroup of the turbine group but not of the Lie, Moebius, and La- 
guerre groups. (See Bull. Amer. Math. Soc., 1938.) 

The symbol (.S) suggested above has been used for many years in my semi- 
nar, in papers by Kasner and De Cicco, Comenetz, Fialkow, and recently 
in an extensive memoir on the inverse problem of the calculus of variations by 
Douglas. (See Trans. Amer. Math. Soc., 1941.) 
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DISCUSSIONS AND NOTES 


EpITED BY R. J. WALKER, Cornell University, Ithaca, N. Y. 


The department of Discussions and Notes in the MONTHLY ts open to all forms of activity 
in collegiate mathematics, except for specific problems, especially new problems, which are 
reserved for the department of Problems and Solutions. 


MANTISSA AND CHARACTERISTIC 
P. C. HAMMER, Oregon State College 


The state of confusion existing in textbooks concerning the definitions of the 
terms mantissa and characteristic of the common logarithm has been pointed out 
in a recent note by C. B. Read.* This confusion does not serve a real purpose in 
simplifying the teaching of logarithms. That a certain lack of conciseness may 
contribute to the ease of teaching, according to some at least, appears evident 
from the looseness with which such terms as variable, constant, function, and 
limit are customarily introduced to the student. Overemphasis on the niceties 
of rigor tends to kill enthusiasm even for more advanced students. This point 
has been well brought out by Dr. Schefféf in a note concerned with teaching ad- 
vanced calculus students. 

Logarithms present a didactic problem of some difficulty for several reasons. 
In the first place they are based on exponents, a subject which has difficulties 
of its own on the elementary level. Second, the connection between a logarithm 
of a number and the number is not immediately accessible to simple algebraic 
treatment. For example, by what means could the student check 10-3°10% = 2? 
Third, the large number of new words of imposing appearance having no rele- 
vant connotation to the student affords a semantic obstacle. These words include 
base, logarithm, antilogarithm, cologarithm, interpolation, characteristic, and man- 
tissa. In view of the hit and run treatment given logarithms in many calculus 
courses it is important to present as clear a picture of them as possible at the 
elementary stage. It is here proposed that rigorous definitions of characteristic 
and mantissa do not contribute to confusion but aid in clarity. 

The following presentation of characteristic and mantissa agrees with usage: 
If x is a positive number, then x can be written in only one way in the form 


(1) x = d-10? 
where 1 <d <10 and » is an integer, negative, zero, or positive. Then, 
(2) logio « = p + logio d. 


We call p the characteristic of logio x and logio d the mantissa of logio x. 


* Is a mantissa necessarily positive?, this MONTHLY, vol. 48, 1941, pp. 203-204. 
+ At what level of rigor should advanced calculus be taught?, this MONTHLY, vol. 47, 1940, pp. 
635-640. 
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From our definition it is relatively a simple matter to prove that a mantissa 
is non-negative and less than one. In looking up logio x it is found that only 
logio d is tabulated and p is determined by the decimal point in the decimal repre- 
sentation of x. This definition may differ from usage only in that we have in- 
cluded the possibility d =1. All the questions discussed in the note by C. B. Read 
mentioned above are immediately resolved on the basis of this simple presenta- 
tion. The logarithm is represented uniquely as a sum of two numbers. Thus if 
logio x = — 2.34251 we have only one way of writing it in the form (2), i.e., 


logio x = — 3+ .65749. 


To lay the illusion of some students that writing —2.34251 as —3+.65749 or 
as 7.65749 —10 involves some high degree of understanding, we find it effective 
to emphasize that the value of a number is not changed if we add zero to it. 
We may add zero in the form 3—3 or 10—10 if we choose. Ample illustrations 
would remove any doubt as to the meaning of the definitions. 

Another advantage of so defining the words characteristic and mantissa ap- 
pears in the fact that if numbers were written in an expansion which is other 
than the decimal system, the form of (1) immediately suggests generalization 
to the new base. However, if we are to use numbers in decimal representation 
the generalization might take another form. We illustrate in case of natural log- 
arithms. Let equation (1) hold as before with the same restrictions on d and p. 
Then 


(3) log. x = p-log. 10 + log. d 


and we call p-log, 10 the characteristic and log, d the mantissa of log. x. Then, 
log. d would be tabulated and a separate table of p-log, 10 given. If x is in deci- 
mal form the use of these tables is a simple matter. Now it is no longer true that 
a mantissa is less than one nor that the characteristic is an integer but the con- 
cept of a convenient unique decomposition of the logarithm into a sum of two parts 
persists. 

This latter extension of the meaning of characteristic and mantissa appears 
to be in line at least with the etymological forebear of the word mantissa. This 
word comes from a Latin word meaning makeweight. It would appear that the 
characteristic was thought of as a rough approximation of the logarithm of a 
number characteristic of the location of the decimal point of the number and 
that the mantissa was considered as a necessary correction or makeweight. 


NOTE ON THE INVERSION OF A CENTROSYMMETRIC MATRIX 
EDWARD SAIBEL, Carnegie Institute of Technology 


In many applications of finite differences or the operational calculus it is 
necessary to find the inverse of a square non-singular matrix. It is usually the 
inversion of this matrix which consumes the major portion of the time spent in 
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solving the problem. This matrix frequently turns out to be centrosymmetric; 
that is, if A =[a,,] is the matrix, and the order, drs =@n41-+,n41-s- In this case 
the inverse may be found in considerably less than half the usual time by the 
following procedure: 

Let us desigtiate by H;; the unit matrix with the element 1 inserted in the 
(ij) position, #7. Then H;;A H;;"' has the effect on A of adding the jth row to 
the ith row and of subtracting the ith column of A from the jth.* 

Whether A is of even order, 2m X2m or of odd order (2m+1)X(2m+1), 
m of these operations, viz., adding the first row of A to the last row and subtract- 
ing the last column from the first, adding the second row of A to the second from 
the last row and subtracting the second to the last column of A from the second 
column, etc..will transform A to the form 


O, Ri 
where 
H = +++ for the even case 
or 


H= Hom,2Hom+1,1 for the odd case. 


P,Q, R, and O are submatrices. In the even case the orders of these submatrices 
are mXm and in the odd case mXm, mX(m+1), (m+1)X(m+1) and 
(m+1) Xm respectively. O consists entirely of zeros. 

The above operations performed on A~, which is also centrosymmetric, put 
it in a form similar to (1), viz., 


(2) HA“H- = 
O: Ri 


Since HAH~' and HA~'H~' are reciprocal, PP; =In and RR: =Im or m41- If the 

reciprocals of P and R respectively are found, the elements of A~! are readily 

obtained. As an example, consider the case of a 5X5 centrosymmetric matrix. 
If the unknown A~! is 


™~ & 


of eS 


* Turnbull and Aitken, Theory of Canonical Matrices, Blackie and Son, 
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then 
g-i i 

HA = 0 0 m l k = . 

A O:1 Ri 
0 0 a g+t 
0 2c b+d 


Having found P; and R; as inverses of P and R, we can compute the elements 
of Q; very simply, since 


c = (2c)/2, d= [(6+d) — (6—)]/2, e = [(a+e) — (a—e)]/2, ete. 


In a similar manner the elements of A~! can be easily obtained. In the even case 
all the elements of A~! are obtained from the sums and differences of pairs. In 
this manner the inversion is replaced by two inversions but considerable saving 
in time is effected. 

It is evident from the above that the characteristic equation of A may be 
replaced by two characteristic equations of orders m and m or m and (m+1) 
respectively. This procedure can also effect considerably saving in time in vibra- 
tion and stability problems where the characteristic equation must be solved for 
one or more of the roots. 


GEOMETRICAL ASPECTS OF THE POWER FUNCTION 
LuIsE LANGE, Woodrow Wilson Junior College 


In the following are shown some geometrical interpretations of the formulas 
for the differentiation and integration of the power function y=ax" which do not 
seem to be pointed out in the textbooks. 


Construction of the tangent. The expression for the slope of the tangent, 
dy/dx =anx"— can be written in the form ny/x. It thus appears that the tangent 
at any point (x1, y:) of the curve can be constructed by laying off from the origin 
on the y-axis the directed distance —(m—1)y: and connecting this point with 
the point (x, y:), thus obtaining a line of required slope y:/x1. For the parabola 
(n=2) this construction, which makes the subtangent equal to 24, is well 
known. That it holds equally for all values of m seems less well known. (n=0 
and =1 are special, trivial cases for a horizontal and oblique straight line re- 
spectively.) An instructive figure illustrating this relation is obtained by plotting 
in one diagram several members of the family of curves y=ax", say for 
n=3, 2, 1/2, —1, and constructing their tangents at the common point of inter- 
section (1, a) which cut the y-axis respectively at —2a, —a, +a/2, +2a. 


Interpretation of areas. The expression for the area between the x-axis and 
the curve y =ax" between x =Oand x =,A = f"ydx =ax{*'/(n+1) canbe written 
in the form A =x.yi/n+1. It then appears that this area is equal to 1/(m+1) of 
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the rectangle A,=x1y:1 whose one vertex is at the point (x:, yi), and whose two 
sides are on the coérdinate axes. 

This relation holds immediately only for n 20 (n=0 and m=1 are again spe- 
cial, trivial cases giving the full rectangle and the triangle respectively), since 
for negative values of m the curve goes towards infinity as x approaches zero. 
However for —1<mn<0 the above relation still holds in the sense that A,/(m+1) 
represents the limit which the area from x to x; approaches as x approaches zero. 
(For instance for n= —1/2 this limiting area equals twice the rectangle A,.) 
For n < —1 the area from 0 to x; becomes infinite. But now the area from x, to 
«© becomes finite. The limiting value of this area is at once seen to be —1/(n+1) 
times the rectangle A,. (For example, the area under the curve y=ax~? from x; 
to x, as x increases indefinitely, approaches the full rectangle A,; that for y=ax-* 
half the rectangle, etc.) 


Interpretation of volumes of revolution. If the curve y=ax" from x=0 to 
x=x, revolves around the x-axis the volume so generated is V=mf y*dx 
=ra*x?"*!/(2n+1). If this is written in the form V =ryjx:1/2n+1 it appears that 
this volume equals 1/(2”+1) times the volume V, of a cylinder of base ry} and 
altitude x1, that is, of a cylinder with the same base and altitude as the solid of 
revolution. (The formula for the volume of a cone thus appears merely as the 
special case of this formula for m= 1.) 

As regards negative values of m the above relation remains valid for 
—1/2<n<0 in the sense that the expression V./(2m+1) represents the limit 
which the volume between x and x: approaches as x approaches zero. For 
n<—1/2 the expréssion — V./(2m+1) is the limit of the volume from x; to ~. 
(For instance, for the hyperbola y=ax~' this limiting volume is equal to that 
of the whole cylinder V..) 


RECENT PUBLICATIONS 


EDITED BY VIRGIL SNYDER, Cornell University 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York, N. Y., and not to any of the 
other editors or officers of the Association. 


A First Year of College Mathematics. By Henry J. Miles. New York, John Wiley 
and Sons, 1941. 17+ 607 pages. $3.00. 


This text, written by a member of the faculty of the University of Illinois, 
is intended for the use of any group of college students who need the subject 
matter of college algebra, plane trigonometry, and plane and solid analytic ge- 
ometry. It aims to give a solid foundation for the mathematics of the sophomore 
year. 

The chapter titles are (1) Rectangular coérdinates, (2) Graphs, (3) Func- 
tions, (4) Systems of linear equations, (5) Quadratic equations, (6) Angles, polar 
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coérdinates and trigonometric functions, (7) The straight line, (8) Loci, (9) The 
conics, (10) Transformation of rectangular coérdinates, (11) Oblique triangles, 
(12) Exponents—logarithms, (13) Complex numbers, (14) The derivative and 
its applications, (15) Progressions, (16) Permutations, combinations and proba- 
bility, (17) Theory of equations, (18) Empirical equations, (19) Solid analytic 
geometry, (20) Foundations of algebra. Comments will be made on the treat- 
ment of some of them. 

The book is carefully prepared and attractively presented. Explanations are 
well interspersed with helpful drawings. After a substantial background is given, 
problems are placed at the end of each chapter to challenge the prospective sci- 
entist or engineer. 

There is a novel blending of algebra, trigonometry and analytic geometry 
throughout the work. The trigonometric functions are defined by means of polar 
coordinates and the usefulness of their periodicity noted, e.g., in describing the 
strength of an alternating electric current or in describing the position of a point 
on a rotating wheel. The laws of sines and of cosines are obtained by polar coérdi- 
nates and after the section on rotation of axes, the formulas for the sine and the 
cosine of the sum of two angles are effected by a single rotation through the 
angle (6+¢). 

In the section on loci which precedes the study of conics, suggestions are 
made for examining an equation for intercepts, symmetry, extent and asymp- 
totes. Several problems are solved completely, representing a fair level of diffi- 
culty. 

The chapter on conics cites interesting applications to astronomy and engi- 
neering. It includes the equation of the general conic and construction for the 
conics. 

The derivative is approached geometrically. Consideration is given to in- 
creasing and decreasing functions, maximum and minimum values of a function 
and later in the text to finding the real roots of an equation. Differentiation is 
carried through the exponential function with problems paralleling the work 
sufficient to be of real use in other courses during the latter part of the freshman 
year. By means of the calculus, further, the coefficients in the binomial theorem 
are determined. 

Chapter 18 deals with empirical equations or curve fitting. Four types are 
discussed: (1) The linear, (2) the parabolic, (3) the power, (4) the exponential. 
The linear type is presented both by the method of averages and of least squares; ; 
the parabolic by the method of averages. In (3) one may plot the points on 
logarithmic coérdinate paper and in (4) on semi-logarithmic paper. 

SarA C. WALSH 


Mathematics—Its Magic and ‘Mastery. By Aaron Bakst. New York, D. Van 
Nostrand Company, Inc., 1941. 14+790 pages. $3.95. 


| 

| This book covers the field of elementary high school mathematics including 
| arithmetic, algebra, geometry, trigonometry, and elementary mechanics. The 
| 


id 
} 
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style of writing and the nature of-the contents of the thirty-seven chapters is 
indicated by such chapter titles as: Numerals and Numeration, Number Pyg- 
mies, Number Giants, Chain Letter Algebra, Passport for Geometric Figures, The 
Size of Things, The Firing Squad and Mathematics, etc. 

The purpose of the book is not to develop a systematized subject matter but 
to show the recreational and applied phases of mathematics. The magic of the 
subject is emphasized by numerous well chosen applications and tricks. The text 
is interspersed with problems for the reader to solve, answers to which are given 
in the appendix. The appendix also includes a compilation of elementary alge- 
braic processes, geometric facts, trigonometric formulas, approximation formu- 
las, and tables of squares, square roots, logarithms, and trigonometric functions. 
Many figures and drawings accompany the text. 

The book can serve as supplementary reading in the training of elementary 
and junior high school teachers. It provides interesting study for those laymen 
who have forgotten or omitted their high school mathematics. There is excellent 
material for high school mathematics club programs. Written in adult style, the 
book can not serve as a high school text for developing the foundation and mas- 
tery of elementary mathematics that is necessary for further mathematical 
study. 

H. F. FEHR 


Fourier Series and Orthogonal Polynomials. By Dunham Jackson. Carus Mathe- 
matical Monograph Number Six. Oberlin, Ohio, Mathematical Association 
of America. 1941. 12+234 pages. $2.00. Non-members order from Open 
Court Publishing Co., LaSalle, Ill. $1.25 to members. 


This monograph is an exposition of the theory and applications of the classi- 
cal orthogonal polynomials. In keeping with the aims of the series of Carus 
monographs, the discussion presupposes little background beyond the material 
of the first two or three terms of calculus: the variables are all real, the integrals 
are all Riemann, and the ¢ proofs are few and simple. 

The reader is introduced to the concept of orthogonality by way of the trigo- 
nometric system, which is studied for itself alone in the first and longest chapter 
of the book. After the usual introductory definitions and examples, the Fourier 
coefficients are discussed in some detail, and their degree of convergence for a 
broken line function is obtained. Riemann’s Theorem is proved by means of 
Bessel’s inequality, and the main convergence theorem is referred to Riemann’s 
Theorem by using the familiar hypothesis involving the existence of right- and 
left-hand derivatives for the function represented. Next, uniform convergence 
and degree of convergence are established for a broken line function. Weier- 
strass’s Theorem on trigonometric approximation is then established by using 
the fact that any continuous function can be uniformly approximated by a 
broken line function, and this theorem is used in turn to establish the least 
square property and Parseval’s Theorem. Fejér’s Theorem is also proved by 
means of the broken line approximation. Weierstrass’s Theorem is then proved 


} 
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again by means of de la Vallée Poussin’s integral and the broken line approxima- 
tion. The chapter concludes with a treatment of the Lebesgue constants and 
Lebesgue’s proof of uniform convergence for functions belonging to a Lipschitz 
class. 

Except in the discussion of the Lebesgue constants, there is no use made in 
this chapter of the customary analysis of singular integrals by subdividing the 
range of integration into two or three parts. But if it be conceded that results 
rather than methods are the essential thing in a first treatment, then it is hard 
to see how the material here could be presented more coherently and elegantly 
within the limits of such an exposition. 

The Legendre polynomials and Bessel functions are the respective subjects 
of the next two chapters. Here, of course, much of the available space must be 
taken up with formal work. The Legendre polynomials are defined through their 
generating function; recurrence relations, the differential equation, orthogonal- 
ity, Rodrigue’s formulas, and Laplace’s first integral follow in that order. Analy- 
sis rears its head at the end of the chapter, where the usual bounds for P,(x) and 
convergence under the hypothesis used in Chapter I are established. The chapter 
on Bessel functions, which employs the differential equation for Jo(x) as its 
starting point, is entirely concerned with the formal theory; of course the con- 
vergence of an expansion in Bessel functions is well beyond the scope of this 
work. 

Two formal chapters on the classical partial differential equations of mathe- 
matical physics are inserted at this point. We pass over this material temporarily 
to discuss the remainder of the book, which is concerned with the development 
from a more general standpoint of the lines of inquiry inaugurated in the first 
two chapters. 

Since the weight functions of the Jacobi, Hermite, and Laguerre polynomials 
are functions belonging to the Pearson classification of frequency functions in 
statistics, it is natural to study these frequency functions on their own merits 
in a preliminary chapter. There follows a chapter on general orthogonal poly- 
nomials, which introduces the reader to such basic concepts as Schmidt's proc- 
ess, general formulas of recurrence, and the least square property. A differential 
equation is derived for polynomials belonging to a given weight function and 
interval under the assumption that the weight function satisfies the Pearson dif- 
ferential equation. The next three chapters, each rather short, contain formal 
discussions of the Jacobi, Hermite, and Laguerre polynomials respectively. The 
Schrédinger wave equation is touched on briefly at the end of each of the last 
two chapters of this group. The final chapter generalizes the convergence theo- 
rems of the first two chapters. The conditions of course depend on uniform 
boundedness of the orthogonal polynomials, so this property is studied in some 
detail by means of a sequence of results culminating in an exposition of the 
recent theorem of Korous. 

A set of exercises concludes the book. They are intended, as the author says, 
to illustrate and extend the text, rather than to serve for purposes of drill. 
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Although the author disclaims in the preface any intentions toward “rigor,” 
the standards of precision and completeness are, on the whole, remarkably high. 
The pair of chapters on partial differential equations and boundary value prob- 
lems constitutes somewhat of an exception to this statement. Here the author is 
quite obviously not attempting to write mathematically; there is scarcely any 
mention of the fact that continuity, differentiability, and uniqueness of the 
alleged solutions all need to be proved. The reviewer felt just a little let down, 
not because such proofs had been omitted, but because the spirit of mathemati- 
cal awareness (if we may call it that) which distinguishes the rest of the book, 
had been so patently laid aside in these chapters. For instance, it does not seem 
quite right to present “derivations” of Poisson’s integral in two-space and three- 
space which do not even mention (much less prove) that the function repre- 
sented assumes its boundary values continuously for some methods of approach. 
But the author is certainly within an-established tradition in these chapters, and 
perhaps greater precision, if only of statement, would disagree with the type of 
reader who would be most interested in this material. 

The reviewer missed two topics which he rather expected to find in a modern 
treatment of orthogonal functions. The first, and less important, is a develop- 
ment of the concept of orthogonality which starts with orthogonal vectors in 
Euclidean space and proceeds to a consideration of functions as generalized vec- 
tors. (There is, however, a suggestion of such a development in one of the exer- 
cises.) The second is the topic of convergence in the mean, which nowhere 
appears except by implication in the proof of Parseval’s Theorem for Fourier 
series. Of course, not much can be done in this connection without Lebesgue 
theory, but the growing recognition of the importance of this type of convergence 
in the applications seems to indicate that it warrants at least passing mention. 

But it seems captious to criticize an author for restricting his field under the 
circumstances, especially when his avowed aims have been realized as effectively 
as in the work under review. It is easy to become very enthusiastic about the 
many excellent features of the book as it stands. The exposition is well organ- 
ized; much of the formal work is beautifully handled; the proofs are extremely 
clear. It will not be surprising if this turns out to be one of the most popular of 
the Carus Monographs. The Association is indeed fortunate to be able to add to 
the Carus series an exposition by one of the world’s foremost authorities on or- 
thogonal polynomials. 


J. H. Curtiss 


Between Physics and Philosophy. By Philipp Frank. Cambridge, Massachusetts, 
Harvard University Press, 1941. 238 pages. $2.75. 


It may be asserted that the last eighty years have seen the emergence of a 
new conception of truth. Only that is true for mankind which is verifiable in 
human experience. This conception, flowing from advances in the natural sci- 
ences and occupying a prominent position in the foundations of modern physics, 
has been developed in various forms by different schools of thought whose equiv- 
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alence was often not appreciated. It was advanced by the philosophcial physicist 
E. Mach, appeared independently in the pragmatism of William James, and con- 
stitutes the essence of the philosophical forms known as logical positivism or 
logical empiricism. The same basic idea appears also, in garbled and doctrinaire 
form, in “dialectical materialism.” 

These statements appear to constitute a fair summary of the views that are 
developed in the volume before us. Illustrative examples are drawn largely from 
the author’s own field of physics and give a fair picture of the professional 
thought of physicists. The author insists, however, that, when the physicist 
steps outside of the strict boundaries of his science, he usually begins talking 
in the “illusory” language of the standard “school philosophy,” which deals 
largely with meaningless problems. The book is worth a perusal by all who are 
interested in fundamental problems. 

E. H. KENNARD 


A Treatise on Algebra. By George Peacock. I. Arithmetical Algebra, 16+ 399 pages. 
II. Symbolical Algebra, 10+455 pages. Reprint, New York, Scripta Mathe- 
matica, 1940. 


The re-publication today of a textbook on algebra, with a total of 880 pages, 
originally issued in London about a century ago (vol. I, 1842; vol. II, 1845) is 
an amazing achievement which inspires somewhat critical examination of the 
various circumstances which have made this possible. The suggestion of the 
publication was made by the authorities of St. John’s College in Annapolis, 
Maryland, where the book is used as a text. Not only in mathematics but ir 
other fields, also, this college has maintained the desirability of the serious use 
as textbooks by the young students of the college of historical classics of science. 
The publication of Peacock’s Treatise was effected by the collaboration of St. 
John’s College with Scripta Mathematica. 

The recent changes in higher algebra might seem to indicate that as prepara- 
tion for algebra so old a text would be useless. However, much more than half 
of this work, including much arithmetical computation, corresponds precisely 
to material presented in the elementary textbooks and in the algebra texts used 
widely in colleges for the freshman work in algebra, and considerable material 
given in a second course in college algebra for juniors. 

In the first place, Peacock presents not only a large amount of work on the 
theory of equations but he includes what amounts to a systematic course in 
plane trigonometry. Peacock believes in numerical problems and computation 
to an extent not attempted in American texts. A student who masters these two 
volumes will have adequate preparation in trigonometry and algebra, including 
series, for the great body of elementary applications to physics. There are many 
teachers of mathematics who believe that this material represents much that 
cannot be by-passed in any sound preparation for the use of mathematics in sci- 
ence. The success of this text in its day and its feasibility as a text even today is 


1942] RECENT PUBLICATIONS 255 


dependent upon the author’s brilliant and harmonious historical development 
of the foundations of algebra. 

George Peacock, a student and tutor of mathematics in Trinity College, 
Cambridge, was one of a fine group of English mathematicians who turned, in 
the early nineteenth century, for inspiration to the great developments of mathe- 
matics made by other Europeans. The British Association for the Advancement 
of Science, founded in 1831, enjoyed the support of the English reformers. Pea- 
cock at the third meeting presented a remarkable historical report on “Algebra, 
Trigonometry and the Arithmetic of Sines.” In 1830 Peacock had published a 
small text on algebra incorporating many ideas new to the English, and in 1834, 
anonymously, a syllabus on trigonometry with algebraic material. Peacock must 
be associated with D. F. Gregory, Wm. Rowan Hamilton and his quaternions, 
and George Boole with his Laws of Thought as a precursor of many modern alge- 
braists who work in symbolic logic, and in the foundations of mathematics. 

The phrase, “principle of the permanence of equivalent forms,” seems to be 
original with Peacock. Often on minor points Peacock gives material which is 
pertinent today, e.g., on p. 65, II, “it would in fact conduce very greatly to the 
uniformity and clearness of algebraical notation, if the use of radical signs was 
altogether abandoned.” About Abel’s researches Peacock frankly states, “the 
clearest understanding gets bewildered by the extreme generality and complex- 
ity of the relations which it is necessary to consider . .. and our final assent 
to the conclusion obtained is . . . a formal act of acquiescence in reasonings whose 
entire force and relevancy we can neither fully appreciate nor easily refute... .” 

Such a work as that of Peacock helps us to understand the developments of 
Hamilton and Boole and that possibly some of the modern abstractions have 
been brewing more than a hundred years. Pedagogically too, the insistence on 
numerical illustration and computation seems to have a message today for 
many who omit this work to advance into abstract fields before the pupil is 
able to master the groundwork. 

L. C. KARPINSKI 


Higher Mathematics for Engineers and Physicists. By 1. S. and E. S. Sokolnikoff. 
Second Edition. New York, McGraw-Hill Book Co., 1941. 11+587 pages. 
$4.50. 


The first edition of this textbook was reviewed in this MONTHLY, vol. 41, 
1934, pp. 625-627. The new edition represents a complete revision of the earlier 
edition. Chapter order has been changed. Several chapters have been extensively 
revised. A majority of the sections throughout the book have been rewritten in 
whole or in part. Several new sections have been added. Many new problems 
and illustrative examples have been added. 

The principal changes in content are: (1) The chapter on Improper Integrals 
has been omitted from the second edition. (2) The material previously included 
in the chapter on Elliptic Integrals has been transferred to the chapters on 
Infinite Series and Ordinary Differential Equations. (3) A new chapter on Com- 


256 RECENT PUBLICATIONS 


plex Variable replaces the chapter on Conformal Representation. Much of the 
material of this chapter is new. 

The authors state in the preface that the favorable reception of the first edi- 
tion has sustained their belief in the need of a book on mathematics beyond the 
calculus, written from the point of view of the student of applied science. The 
reviewer believes that the second edition, representing as it does a polishing and 
an amplifying of the material presented in the first edition, will continue to re- 
ceive the same favorable reception. 

H. M. GEHMAN 


Intermediate Algebra. By H. L. Rietz, A. R. Crathorne, and L. J. Adams. New 
York, Henry Holt and Company, 1942. 248 pages. $1.75. 


The book presupposes one year’s study of algebra. It begins with a rapid 
review of the elementary concepts; the succeeding chapters proceed to the more 
complex phases by gradual and continuous stages. The attempt is made to pre- 
sent each new step with a minimum of explanation. Great care is taken in the 
appropriate choice of illustrative exercises. Besides the necessary topics of linear 
and quadratic equations, radicals, proportion, variations and progression, the 
book includes mathematical induction, with application to the binomial theo- 
rem, extension of the number concept, and logarithms. 

The press-work and the arrangement of the page are up to the usual high 
standards of the publishers. 


VIRGIL SNYDER 


NEW BOOKS RECEIVED 


Intermediate Algebra. By N. McArthur and A. Keith. London, Methuen and 
Co., Ltd., 1942. 10+356 pages. 8s 6d. 

Statistics for Sociologists. By Miss M. J. Hagood. New York, Reynal and 
Hitchcock, Inc., 1941. 8+934 pages. $4.00. 

The Reading of Verbal Material in Ninth Grade Algebra. By Margaret G. 
McKim. (Teachers College, Columbia University. Contributions to Education, 
No. 850.) New York, Bureau of Publications, Teachers College, Columbia Uni- 
versity. 8+133 pages. $1.60. 

Principles of Mechanics. By J. L. Synge and B. A. Griffith. First Edition. 
New York and London, McGraw-Hill Book Company, Inc., 1942. 12+514 
pages. $4.50. 

Intermediate Algebra. By H. L. Rietz, A. R. Crathorne, and L. J. Adams. 
New York, Henry Holt and Company, 1942. 8+ 248 pages. $1.75. 

Studies in Mathematical Economics and Econometrics. In Memory of Henry 
Schultz. Chicago, Illinois, University of Chicago Press, 1942. 292 pages. $2.50. 


PROBLEMS AND SOLUTIONS 


EpITED BY OTTO DUNKEL, ORRIN FRINK, JR., AND H. S. M. CoxETER 
ELEMENTARY PROBLEMS 


Send all communications concerning Elementary Problems and Solutions to H. S. M. 
Coxeter, 69 Chaplin Crescent, Toronto, Canada. 

The department of Elementary Problems welcomes problems believed to be new, 
and demanding no tools beyond those ordinarily furnished in the first two years of college 
mathematics. To facilitate their consideration, solutions should be submitted on separate, 
signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 


E 516. Proposed by W. E. Buker, Pittsburgh Public Schools 

During one week, Mr. X invited just four of his seven friends for dinner each 
night. The invitations were arranged so that any given pair of guests dined 
together on just two occasions, and for any two given nights there were two 
guests who were present both times. Show how this was managed. In how many 
different ways can it be done? 

E 517. Proposed by V. Thébault, San Sebastién, Spain 


If two tetrahedra have equal areas for corresponding faces, do they neces- 
sarily have the same volume? 


E 518. Proposed by J. Rosenbaum, Bloomfield, Conn. 
Find three Gaussian integers x, y, z which satisfy the equation 


xP + yP = 2P 
for every prime # greater than 3. 


E 519. Proposed by Paul Brock, Brooklyn College 


If a projectile is aimed at a given point from a given origin, find the direction 
to which the two possible paths are equally inclined initially. 


E 520. Proposed by D. H. Browne, Buffalo, N. Y. 


Given 7 Ur 
un = —> prove that lim —~ = 
1 r Au, 
SOLUTIONS 
Trilinear polarity 

E 481 [1941, 480]. Proposed by J. A. Todd, University of Cambridge 
Let 

%2 Yeo and Xo Yo 

Ye X3 Y3 Zz 
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be two matrices of non-vanishing numbers, the elements of the second being the 
co-factors of the corresponding elements of the first. Prove that the relation 


x1 V1 21 Y; Zi 

Xe V2 =z implies Ye Ze = 0. 

X3 Ys Ze 


Solution by Howard Eves, Allen Academy, Bryan, Texas 

Referred to a set of rectangular coordinate axes OX, OY, OZ, let us designate 
the points (x,, y,, 2,) and (X,, Y,, Z,) by P, and Q,, respectively, where vy =1, 2, 3. 
From the hypothesis of the non-vanishing elements, it follows that these points 
do not lie in the coordinate planes, and no two P’s or Q’s are collinear with the 
origin. The given relation implies that the points (x71, y7!, 271) lie in a plane 
through the origin, say 


fx + gyt he =0. 
Therefore the points P, lie on the quadric cone 
fy2 + + hxy = 0, 


which contains the coordinate axes. In other words, this cone circumscribes both 
the trihedra O(X YZ) and O(P:P2P3). Therefore (by one of the classic theorems 
due to Brianchon) there exists a cone K, inscribed in both trihedra. Since OX, 
OY, OZ are perpendicular to the faces of the former trihedron, while OQ:, OQs, 
OQ; are perpendicular to those of the latter, it follows that K’, the reciprocal 
cone of K, circumscribes the trihedra O(X YZ) and O(Q:Q2Q3). Hence K’ must 
have an equation of the form 


Fyz + Gex + Hxy = 0. 
Therefore the points (X>!, lie in the plane 
Fx +Gy+ Hz=0 


through the origin, and their determinant vanishes as required. 

Also solved by E. P. Starke. 

Editorial Note. The theorem may be proved by pure algebra as follows. The 
relation 


Xe Z2 or X%3X1 2321 | = 0 


implies the existence of non-vanishing numbers a, }, c, such that 


+ + = (u ¥ »). 


—1 —1 
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We deduce, in turn, 


‘ 
(1) ( ) 
=0 (u ¥ »), 
a b 
Vis 


In terms of projective coordinates, (1) expresses that the point (x,, Yu, 2,) 
and line [X,, Y,, Z,] are pole and polar with respect to the conic 


xX? y2 
ax? + by? + cz? =0 or 
a 


This remark suggests the following modification of Eves’ proof, using two conics 
instead of three cones. 

By the vanishing of the given determinant, the lines [x71, y=!, z7'] are con- 
current, say at the point (f, g, 2) or 


fX + = 0. 


Hence the conic fx-!+gy~!+hz-! =0 or fyz+gex +hxy =0 circumscribes the tri- 
angle (x,, y,, 2) as well as the triangle of reference. But two triangles inscribed 
in one conic are circumscribed to another. Hence the sides [X,, Y,, Z,]- touch a 
conic of the form 


FYZ +GZX + HXY=0 or FX-'!+GY-!+ = 0. 
Therefore the three points (X>!, lie on the line 
Fx +Gy + Hz = 0, 


and their determinant vanishes as required. 

Since y~!, is the trilinear polar of (x, y, z), and (X-!, Y-!, is 
the trilinear pole of [X, Y, Z], this result is equivalent to the following interest- 
ing theorem: 

If the trilinear polars of the vertices of a triangle PQR with respect to a triangle 
ABC are concurrent, then the trilinear poles of the sides of PQR (with respect to 
ABC) are collinear. 

This may be proved synthetically, as follows. 

Let p, g, r, a, 6, c denote the sides of the two triangles, and let P’, Q’, R’, 
p’,q', r’ be the trilinear poles and polars of p, g, 7, P, Q, R with respect to ABC. 
Let Pa, Qa. Ra, Pd, Od, Rd, Ap, Aq, Ar, Ap, Aq’, Ar denote the points where a 
meets the respective lines AP, AQ, AR, AP’, AQ’, AR’, p, g, 7, p’, q', r’. Simi- 
larly, let P.,-++,C be the points where c meets 


ax, CZ 


260 PROBLEMS AND SOLUTIONS [April, 


By the definition of trilinear polarity, the point-pairs P,A», QaAq, RaAr, 
Pi A>», Qi Aq, Ri A, are harmonic conjugates with respect to B and C. Thus the 
projectivity P.Q,.Raj{ApAqAr leaves B and C invariant. Hence, if p’, q’, r’ 
are concurrent, we have 


BP BApAgAy K BCyCyCy K 
These related ranges are joined to A and C by related pencils, 
A(BPQR) KC(BPQR). 
Hence A, B, C, P, Q, Rlie on a conic; and a, b, c, p, g, r touch a conic. The dual 
of Steiner’s theorem now supplies the middle link in the chain of projectivities 
A(CP’Q’R’) Ra RAC,CC, R2 KC(AP'Q’R’), 


which shows that P’, Q’, R’ are collinear. 


Squares in the denary and septenary scales 

E 482 [1941, 480]. Proposed by V. Thébault, San Sebastian, Spain 

Find a four-digit square, other than 702, whose last two digits are unaltered 
when we change from the denary to the septenary scale. 

Solution by D. H. Browne, Buffalo, N. Y. 

Let the four-digit number be abcd. Then ¢ and d are both less than 7. More- 
over, since the number is a square, d can only take the values 0, 1, 4, of which 
the first is ruled out by the exclusion of 70%. Since abcd =d (mod 7), the three- 
digit number abc must be divisible by 7. The simplest way to determine this is 
from a table of squares, where it is found that only six meet these requirements: 


3364, 4624, 4761, 5041, 6724, 9801. 


Changing to the septenary scale, we find the correct penultimate digit in the 
second and last cases alone: 

4624(= 68?) = 16324 (septenary), 

9801(= 99?) = 40401 (septenary). 


Also solved by Paul Brock, W. E. Buker, Peter Chiarulli, and E. P. Starke. 


Coaxal spheres 


E 483 [1941, 480]. Proposed by N. A. Court, University of Oklahoma 

Show that the four spheres having two points in common and each passing 
through a vertex and the foot of the corresponding altitude of a given ortho- 
centric tetrahedron form a coaxal pencil. 

Solution by Howard Eves, Allen Academy, Bryan, Texas 

Let the given tetrahedron be ABCD, with altitudes 4A’, BB’, CC’, DD’ and 
orthocenter H. Let P and Q be the given points. Since 
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AH-HA’' = BH-HB’ = CH-HC’ = DH-HD’, 


H has the same power with respect to the four spheres. Also P and Q have the 
same power (namely zero) with respect to the four spheres. Moreover, P, Q, H 
cannot be collinear, lest the spheres degenerate into planes. Hence P, Q, H lie 
in a common radical plane of the four spheres, and the theorem is proved. 
The corresponding theorem for the plane can be proved similarly. 
Also solved by L. M. Kelly and the proposer. 
Series with alternate binomial coefficients 


E 484 [1941, 480]. Proposed by David Segal, Kosow Huculski, Poland 


Defining 
= 1 - ++ (7) + x2n 


prove that, if ” is even, 

on(3) = + 2°Gn(2), n(3) = + 2%Y,(2), 
and that if m is odd, 

$n(3) = + 2Yn(2), = + 2", (2). 


Solution by W. R. McEwen and N. R. Amundsen, University of Minnesota 
From the given relations we have at once 


n(x) + ipn(x) = (1 + ix)?” 
Thus 
+ ipn(2) = (1 + 
and because y,(x) is an odd function, 
on(3) — ivn(3) = (1 — 
Dividing, we obtain 
on(3) — in(3) 1— 34 1 — 


= (— 1 — i) = 2%", 


or 
— = 2"1"{n(2) + in(2)}. 
Hence, if 7 is even, 


on(3) = + and = F 2%Y,(2), 
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the sign depending on the parity of m/2; and if m is odd, 
on(3) = + and = + 2"$n(2), 


the sign depending on the parity of (n+1)/2. 
Also solved by Paul Brock, J. A. Bullard, Peter Chiarulli, and E. P. Starke. 


The approximate trisection of an angle 


E 485 [1941, 481]. Proposed by J. Goodfellow, West Rumney, N. H. 

Let AOB be an obtuse angle, A and B onacircle with center O. Take Fand G 
on the minor arc AB, in directions perpendicular to OB and OA. Take D on 
the major arc AB so that AOD is an equilateral triangle. Take H on AD, and 
J on BD, so that HJ is equal and parallel to FG. Join FH, and produce to meet 
the circle again at K. Show that the arc AK is approximately one-third of the 
arc AB. 

Solution by W. B. Clarke, San Jose, California 

Let ZAOB=180°—20and Z DOK =2¢, so that Z AOK =60° —2¢. We have 
to show that, for 0°<6<45°, ¢ is approximately 0/3. After a straightforward 
but arduous computation, it is found that 


cot = 14+ (3+ 1) cot 


Thus ¢=0/3 when 0=0°, and again when @=45°. Intermediate values show a 
very close approximation; e.g. 6=36° makes ¢ about 11°52’. 

Editorial Note. The trisection is again exact when @=22}° (since then 
cot 0=1/2+1 and cot ¢=24+V/2+V/34+V/6). The maximum error is about 8’, 
and occurs when 


= arccot {2+ + V(2 + 2V/3)} = 9°21’ or 35°39’. 
(Then ¢= 3°15’ or 11°45’. respectively.) 


ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, Wash- 
ington University, St. Louis, Mo. All manuscripts should be typewritten, with double spacing 
and with margins at least one inch wide. 

Problems containing results believed to be new or extensions of old results are espe- 
cially sought. The editorial work would be greatly facilitated, if, on sending in problems, 
proposers would also enclose any solutions or information that will assist the editors in 
checking the statements. In general, problems in well known text-books or results found 
in readily accessible sources will not be proposed as problems for solution in this depart- 
ment. In so far as possible, however, the editors will be glad to assist members of the 
Association in the solution of such problems. 


PROBLEMS FOR SOLUTION 


4031. Proposed by S. H. Gould, Victoria University, Toronto 
Let m be any fixed positive integer, k=1, 2, 3,--+, and r=0, 1, 2,---, 
m(k—1). Taking unity for first term when k = 1, construct inductively the arith- 
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metic progression of order m(k—1), the first term of whose rth difference series 
is the (r+1)st term of the A.P. of order m(k—2). Prove that its (mk+2)nd 
term is k™*, 


4032. Proposed by J. Findlay Paydon and H. S. Wall, Northwestern Univer- 
sity 

In the complex z-plane z=x+7y, let a1:=x1+%y; be a point on the parabola 
y?=x+1/4, O the origin, E the point unity, and w the point on the opposite 
side of the real axis from a; where the line Z through E parallel to Oa, cuts the 
circle Ci: (x—1)?+y?=1. Let C, be the circle of radius 1/n tangent to C; on 
the interior at w, and K the circle with center —i/2y; and radius | 1/2y,|. Prove 
(1) that 
1 ay ay, ay ay 
(dé: =x1—ty1); (2) the (2n+1)st approximant of this continued fraction lies at 
the intersection, ~w, of L and Con42; (3) the 2mth approximant lies at the inter- 
section, #w, of K and Con41. 


4033. Proposed by P. D. Thomas, Norman, Oklahoma 


Points on a surface with the linear element ds? = [(u+a)?+(v+6)?](du2+dp*) 
correspond to points in the xy-plane by x =u, y=v. Show that geodesics on the 
surface correspond to equilateral hyperbolas in the xy-plane. 


4034. Proposed by V. Thébault, San Sebastian, Spain 

On the sides AB, BC, CD, DA of a convex quadrangle ABCD equilateral tri- 
angles with vertices A’, B’, C’, D’ are constructed exteriorly (or interiorly). 
Show that the diagonals A’C’ and B’D’ of quadrangle A’B’C’D’ are perpendicu- 
lar (or equal) according as the diagonals AC and BD of ABCD are equal (or 
perpendicular), and conversely. 


4035. Proposed by V. Thébault, San Sebastién, Spain 


On the sides A1A2, A2A3, - + - , AgA1 of a convex hexagon having equal prin- 
cipal diagonals squares with centers Aj, are constructed exteriorly 
(or interiorly). Show that in the hexagon formed by these centers the sum of the 
squares of two opposite sides and of the principal diagonal which does not end 
in vertices of the two sides considered is a constant. Generalize for a convex 
polygon of 2” sides whose principal diagonals are equal. 


w= 


SOLUTIONS 
Matrices 


3927 [1939, 601]. Proposed by M. M. Flood, Princeton University 
If 


> Ss = I, 
k=1 k=l 


n n 
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where S; is a real square symmetric matrix of order ¢ and rank px; then a real 
orthogonal matrix T exists such that 7.S,7-!=E,, where EF; is a matrix with 
p, consecutive units on its principal diagonal and zeros elsewhere and such that 


k=l 


Solution by A. T. Craig, The State University of Iowa 

This solution is contained in Craig’s article, On the independence of certain 
estimates of variance, in the Annals of Mathematical Statistics, vol. 9, no. 1, 
March 1938, pp. 48-55. There is first given a proof of 


THEOREM I. Let Ai, Ao, - +--+, As bes real symmetric matrices, each of order N, 
such that A;+A,+---+A,=I, where I is the unit matrix of order N. Let rp, 
v=1,2,---, 5s, be respectively the ranks of the matrices Ay. If n+re+---+r=N, 


each of the non-zero roots of the characteristic equations of the matrices A, is +1. 
Then follows a proof of 


THEOREM II. Let Ai, Ao,+ ++, As be s real symmetric matrices which satisfy 
the conditions of Theorem 1. Then there exist s—1 real orthogonal matrices of order 
N, say Li, Le, + + + , Ls1, such that each of the s matrices 


is a diagonal matrix with the r, non-zero elements on the principal diagonal equal 
to +1. Necessarily, the sum of these s matrices is the identity matrix. 

Solved also in a different manner by the proposer who remarked that the 
restriction that the matrices be symmetric may be weakened, for example, to 
the requirement that they be normal; that is, that each matrix commute with 
its transpose. 


Geometric Probability 
3948 [1940, 181]. Proposed by Michael Goldberg, Washington, D. C. 


Suppose that m slotted discs are freely mounted on the same axis. If the por- 
tion of the circumference subtended by the slot of the ith disc is p;, show that 
the probability that light, parallel to the axis, can pass through the slots is 


pip po(—+— + 


provided that ;+;<1 for every 7 and j. 

III. Solution by R. J. Walker, Cornell University 

Let 27x; be the angle made by the line of symmetry of the ith disc with a 
fixed direction perpendicular to the axis. Each position of the set of discs is then 
associated with a unique point (x, x2,- ++, Xn), provided we identify points 
whose corresponding coordinates differ by multiples of unity. The set of distinct 
points then constitutes an n-dimensional generalized torus 7, which may be pic- 
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tured as the hypercube H defined by 0Sx;S1,i=1, 2, - - - , m, for which corre- 
sponding points on opposite faces are identified. | 
A position of the discs will allow the passage of light if and only if for some 


coordinates (x1, x2, - - + , Xn) of the corresponding point there is a constant a such 
that 
(1) | x; —a| < p,./2, i=1,2,--+,n. 


For a fixed a, the set of points satisfying (1) shall be designated by P., and the 
set of points satisfying (1) for some a (the union of all P,) shall be designated 
by P. The required probability is the (m-dimensional) volume of P, since the 
volume of T, or H, is unity. As a varies, P, slides along the diagonal L of H 
defined by x1=x2= +++ =x,, and so sweeps out a prism of length Vn. (In H, 
this “prism” includes portions surrounding each of the vertices of H.) The vol- 
ume of P is therefore \/n times the ((m —1)-dimensional) area of the cross-section 
of this prism. Since P, is a convex body, this area is half the sum of the projec- 
tions of the faces of P, on the hyperplane perpendicular to L. These 2n faces all 
make angles of arc cos 1/+/n with the hyperplane, and come in pairs with areas 
Pibe +++ Pn/pi. Hence the cross-sectional area is 


++ Pr(1/pr + 1/p2 + + 1/pn)/Vn, 


and this gives the required value for the volume of P. 

The computation breaks down if P intersects itself, that is, if for some values 
of a and b, P, and P, intersect in a set not containing points of L. If this occurs 
we can assume that 6=0, for the situation is preserved by translation along L. 
In H, Po consists of 2" blocks, one at each of the vertices of H. Suppose P,, 
0<a<X1, intersects, in the manner described, the block at the vertex x;=0, 


x;=1, where i runs through some subset of the numbers 1, 2, - - - , m andj runs 
through the remaining ones. Then for a point (x1, x2, ---, Xn) in both Po and 
P, we have 


te < pi/2, 1— 2; < p;/2, 
a— x; < p;/2, 4; —-a< p;/2. 
From these we obtain 
a< pi 1— <4, 


and so 

(2) pit pj; > 1. 

Hence the above value of the probability is correct whenever it is impossible 
to separate the integers 1, 2, - - - , m into two classes such that (2) holds when- 


ever 7 is in one class and j in the other—this is a considerably weaker assumption 
than the one proposed. If such a separation is possible the true value of the prob- 
ability is less than that given by the formula. 
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Note. Two other solutions of 3948 were given in the December, 1941, number 
of this MONTHLY, pp. 705-707. 


Associated Triangles 


3971 [1940, 662]. Proposed by J. R. Musselman, Western Reserve University 

If O be the circumcenter of the triangle A1A2A; and M; be the other points 
of intersection of the circle with the lines OA ;, show that the three circles passing 
through O, and on M; with centers on A,A; respectively, meet at the point of 
Feuerbach for the tangential triangle of A1A2A3. 

Solution by Li Ou, Yenching University, Peiping, China 

Let the vertices of the triangle A142A3 be ¢;, where |t;|=1. Then the 
coérdinates of M; will be —t¢,;, and the equation of A,M; is x—2%#=0. Hence, 
the perpendicular bisector of OM, is x+4%=—h, which intersects AA; at 


192 
C; = 


— 


where the g,’s are the elementary symmetric functions of the ¢;’s. Then the 
equation of the circle with C, as center and OC, as radius will be 


2 
toe 


or 


Similarly for M2, the equation of the circle is 


(2) (ts host + too yx 0. 


Solving for x from (1) and (2), we obtain two solutions x =0 and x =o2/0i. 
The former is the circumcenter, and the latter is the Feuerbach point for the 
tangential triangle of A,A2A; (see Morley and Morley, Inversive Geometry, 
p. 191). 

Solved also by E. F. Allen, Frank Ayres, Jr., J. W. Clawson, and H. A. 
DoBell, each using inversive geometry. Allen and DoBell showed also that the 
point common to the three circles of the problem lies on the nine-point circle 
of the tangential triangle at its point of tangency with the circumcircle of 
A,A2A3, thus justifying the use of the term Feuerbach point. 


Apollonian Circles 


3973 [1940, 662]. Proposed by V. Thébault, San Sebastian, Spain 

The symmetrics of the Apollonian circles of a triangle with respect to the 
corresponding midpoints of the sides are orthogonal to the circumcircle of the 
anticomplementary triangle. N. A. Court has given other properties of these 
circles in this MONTHLY, 1926, p. 373. 
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Solution by L. M. Kelly, University of Missouri 

Let us consider the Apollonian circle through C. Its reflection in M, cer- 
tainly passes through C’ and is, as a matter of fact, the Apollonian circle of the 
triangle ABC’, with respect to the vertex C’, of course. Thus the reflection is 
orthogonal to the circumcircle of the triangle A BC’. But this circle is tangent to 
the circumcircle of the anticomplementary triangle at C’. Hence the reflection 
in question is orthogonal to the circle A’B’C’. Similarly for the others. 

Solved also by J. W. Clawson, using inversive geometry, and by the proposer 
in a manner similar to Kelly’s solution. A synthetic solution different from the 
above was received from Sun Nien-tseng after the preparation of the above for 
printing. 


The Tetrahedron 
3974 [1940, 662]. Proposed by V. Thébault, San Sebastian, Spain 


If the straight lines joining the vertices A, B, C, D of a tetrahedron to the 
points A,, B,, C,, D, in the planes of the corresponding opposite faces are con- 
current, and also the straight lines joining the same vertices to the isogonal 
conjugates A», Be, C2, Dz of A, Bi, Ci, Di with respect to the corresponding face 
triangles are concurrent, the tetrahedron is isodynamic, and conversely. For iso- 
dynamic tetrahedrons see N. A. Court, Modern Pure Solid Geometry, p. 276. 

Solution by L. M. Kelly, University of Missouri 

Let the lines AA, BB,, CC,, DD, meet in the point P and AA:2, BB2, CC2, 
in the point Q. Further suppose the barycentric codrdinates of P to be ma, ms, 
m,, mg and those of Q to be Xa, Xs, Xe, Xa. 

By virtue of the fact that A; and A, are isogonal conjugates in the triangle 
BCD, 


xe = ky(c!2/ms) = (b’2/m-) xa = ky(a?/ma) 


where the lengths of opposite edges such as BC and DA are a and a’. Similarly 
since B,, B, are isogonals in the triangle ADC we have 


Xa = Xe = ke(a’?/m,) Xa = ke(b?/ma) 


and so on. 
Hence 


k,(a?/ma) = ko(b?/ma) and a?/b? = ke/hki, 
and 
ky (b’?/m-) = ko(a’?/me) and = ko/ ki, 


so that a?/b?=b’?/a’?, and aa’ =bb’. Likewise aa’ =cc’, and the tetrahedron is 
isodynamic. 


° 


268 PROBLEMS AND SOLUTIONS [April, 


Orthopoles of a Line 


3975 [1940, 713]. Proposed by R. Goormaghtigh, Bruges, Belgium 

The orthopoles of a straight line parallel to one of the axes of an equilateral 
hyperbola as to the four triangles formed by any three of four points given on 
that hyperbola are on a straight line. 

Solution by the Proposer 

It is well known that the orthopoles of two parallel lines as to a given tri- 
angle are on a perpendicular to these lines and at the same distance from each 
other as these lines; hence it will only be necessary to prove the theorem for the 
case when the given line is one of the axes of the hyperbola. 

Let then xy=1 be the hyperbola in rectangular coérdinates and xj, y; 
(i=1, 2, 3, 4) the codrdinates of the given points A;,. 

The projection of A; on the axis x=y is 


(xi +1)/2m, + 
and the perpendicular dropped from that projection on A2A; is 
+1 


— = (1 — 


Hence the orthopole of the considered axis as to triangle A,A2A; is 

X = + + — 

y = (41 + x2 + — 
But if 

41 + x2 + + a, 
+ Xe + = |, = C, 
then 
2x = b/c — 1/x%4 — 2y=a— %— 
and the four considered orthopoles belong to the straight line 
2cx — 2y=b— a. 


The Central Conic 


3976 [1940, 713]. Proposed by W. O. Pennell, Exeter, N. H. 

Through a point P in the plane of a central conic, a line CC’ is drawn parallel 
to the diameter conjugate to the diameter located by a line joining P with the 
center of the conic. Draw two lines through P intersecting the conic in A and B, 
and A’ and B’, respectively. Prove that AB’ and A’B (extended if necessary) 
intersect CC’ at points equidistant from P. Likewise, AA’ and BB’ intersect 
CC’ at points equidistant from P. 


1942] PROBLEMS AND SOLUTIONS 269 


Solution by G. A. Williams, Oregon State College 

Let p be the polar of P with respect to the conic. Then A’B and AB?’ inter- 
sect in a point O on p. 

The four lines OA, OP, OB, and p form a harmonic pencil with vertex O. 
The line CC’ cuts this pencil in four harmonic points. Then as CC’ is parallel 
to p, P is the harmonic conjugate of the point at infinity on CC’ with respect to 
the other two points and is consequently the mid-point of the segment joining 
them. 

Similarly, AA’ and BB’ intersect in a point O’ on 9, etc. 

Solved also by F. C. Hall, L. M. Kelly, F. M. Morgan, and the proposer. 


Iteration 


3977 [1940, 713]. Proposed by Aaron Herschfeld, Washington, D. C. 
Denote the mth iterate of f(x), a real function of a real variable x, by the 


symbol fn(x). Thus fo(x) =x, filx) =f(x), fa(x) =f [f(x)], falx) =f 


Prove the following: 
(1) If f(x) =x?—2x, then 


lim {fa(x)}?” = 3{ | x —1| + Vx? — 2x — 3} > 1, when | « —1| > 2, 
while | f,(x)| < 3, for all m, when | x — 1| S 2. 
(2) If f(x) =2x?—1, then 
lim {fa(x)}7" =| «| + —1 > 1, when | x| > 1, 


while | fa(x)| < 1, for all m, when | x| < 1. 


Solution by Fritz John, University of Kentucky 

The statements in question are essentially the special cases a=1, 8=0 and 
a=2, B=1 of the following theorem: 

Let a and £ be arbitrary real numbers (a0); let 


2 
ia) of 2(*—*) 1| +8. 
Define f,(x) by fi(x) =f(x), fa(x) =f(fa(x)). Then 
if 
x—B 


Qa 


(1) 


holds, and 


no 


270 


if 
(2) 
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—n B B 2 
Him {| = |=—"] + - 1, 
n+ Qa 
a 


(here | f,(x)| may be replaced by f,(x), if a>0). 


Proof: 1. Let x satisfy (1). Then there is a real ¢, such that 
x=acost+ 8 = ¢(t). 


Hence, using the identity cos 2¢=2 cos? ¢—1, 


f(x) = a cos 2¢+ B = (28); 


it follows by induction that 


In(x) = o(2"t) = a cos + B; 


thus B—|a| <f,(x) <B+|a]. 


Usi 


2. Let x satisfy (2). Then there is a positive t, such that 


hence 


«—B 
| = cosh ¢ = 3(e' + e~'). 
Qa 
ng the identity cosh (2¢) = 2 cosh? ¢—1, we obtain 
fiz) ~ 8 = cosh (2#); 
fn(x) B 


= cosh (2"4); 


Qa 


= B+ cosh = B + + = + ba + 


Consequently (using e'>1), 


lim { | = et = 


where for a>0, we may replace | fn(x)| by fa(x) under the limit sign. 


the 


Solved also by the proposer. 


Editorial Note. The solution by the proposer for the two special cases is some- 
what similar to the above. He remarked that the earliest published formulas for 
nth iterate of a polynomial of degree greater than unity seems to be those of 
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E. Schréder in his article Uber iterierte Funktionen, Mathematische Annalen, vol. 
3, 1867. He was unable to find the formulas of the problem in the literature. 


Spheres Associated with an Orthocentric Tetrahedron 


3978 [1940, 713]. Proposed by V. Thébault, San Sebastién, Spain 

Given an orthocentric tetrahedron and the spheres which are loci of points 
such that the ratio of the squares of their distances to the extremities of one of 
the edges of the tetrahedron is equal to the ratio of the sum of the squares of the 
edges of the faces containing the opposite edge. Show that the sum of the powers 
of the respective extremities of the latter edge with respect to either of the two 
spheres is constant. 

Solution by Frank Ayres, Jr., Dickinson College 

Associated with an orthocentric tetrahedron is a set of five mutually orthogo- 
nal spheres. The required sum is the sum of the squares of the radii of the four 
spheres centered at the vertices. If this is denoted by a, then the sum over all 
the edges is 12a. In this form the problem will be generalized to a space of n di- 
mensions. 


Let 


be the vertices of an orthocentric (n+ 1)-point 7, the origin of the coordinate 
system being at the center of the circumscribing hypersphere, whose radius will 
be denoted by R. Let r; denote the radii of the (w+1) mutually orthogonal 
hyperspheres centered at P;. Then {F. Ayres, On n+2 mutually orthogonal hy- 

perspheres, National Mathematics Magazine, vol. 10, (1936) }, : 


x? = R®, (x, — x)? =F +77 and xix; = 2 


where ). indicates summation with respect to the superscripts. 

The hyperspheres, associated with an edge P,P», which are the loci of points 
such that the ratio of the squares of their distances to the extremities of the edge 
is equal to the ratio of the sum of the squares of the edges of the n-point opposite 
each extremity, have equations 


The equation of S4;s may be written in the form 
Bua — Ax» \? AB 2 2 


and that of Sg;4 may be obtained from it by interchanging A and B. 
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The power of a vertex P, (c¥a, b) with respect to Sa/z is —Vivanelt and 
with respect to Ss is )\y7?+92. The sum of the powers of P, with respect to 
Sap and all P; (ja, 6, c) with respect to Sz,a is 


(1) (n — 2) 


The sum of the powers of P, with respect to Sg;4 and all P; (ja, b, c) with re- 
spect to S4;z is 
(2) 

i kxa,b 
The sum for all P. (c#¥a, 6), (i.e., the contribution for the edge P,P») is 
and hence the sum for all edges is 
n(n — 

For n =3, the sums (1) and (2) are equal and independent of the edge; hence, 
the given theorem. 

Editorial Note. The proposer gave the following indications of his solution: 
Given the tetrahedron ABCD, we denote the lengths of its edges BC, CA, 
AB, DA, DB, DC by a, b, c, a’, b’, c’. The locus of the points M such that 
(MB)*:(MC)?=m?:n? is a sphere (w.) whose radius is pa=mna/(m?—n*) and 
whose center w, is on BC. The locus of points N such that (NB)?:(NC)?=n?:m? 
is a sphere (w, ) whose center is the symmetric of w, with respect to the midpoint 
of BC. We then have 


(Awe) — pe = (mb — — 2); 
(Dos) — pa = (nc — — m’) 
where n?=a'2?+6'2+ c?. We now have 
(Pa) = [b%(a'? + b? + — c%(a’? + + c*)]/[(m? — 
(Pa) = + + — + + ]/(m? — n°); 
and then it follows that 
(Pa) + (Pa) = [(b? + + + — + + + c*)]/(m? — 


This is for any tetrahedron; if it is orthocentric, a?+a’2=b?+)"=c?+c"?=K?. 
The above sum of powers then reduces to K?*, and this completes the proof. 

The expressions for (P,) and (P/), the powers of A and D with respect to 
the corresponding spheres, may be written immediately using vectors a1, a2, @3, @4 
for the vertices with any given origin. For, we have 


(m? — n*)(Pa) = m*(a, — a3)? — — a2)? = — nic?; 


since, if we replace a; by the variable vector x in the middle expression and then 
set it equal to zero, we obtain the equation of the sphere corresponding to A; 


5 
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similarly for (Pj). The constant K? is 4(R*—m), where R is the circumradius 
and m is the square of the radius of the polar sphere with center at H, the ortho- 
center. It is also )-7? in Ayres’ solution. It is assumed in the above that m?—n? 
#0. 


Equation of the Circle through Four Points 


3979 [1941, 69]. Proposed by W. V. Parker, Louisiana State University 
If A;, (¢=1, 2, 3, 4), are four points on a circle in the order of the subscripts 
with the rectangular coédrdinates x;, yi, prove that the equation of the circle is 


Vi 1 x3 Y3 1 | + X2 yo 1 1 | = 0, 
x2 yo 1 xs ys 1 1 


where a;; is the length of the side A;A;. 

I. Solution by Eduardo Gaspar, Rosario, Argentina 

We will apply the so called “Pappus theorem” that says: “If M is any one 
point on the circle that passes through Ai, Ae, A3, Aa, and h;; represents the dis- 
tance from M to the side A;A;, then 


(1) hathas 


Using this theorem, which is not difficult to demonstrate, let us consider now the 
triangle M A;A iy: (¢=1, 2, 3, 4, 1); its area will be 


and (1) gives us 


(2) 93 = C4 12F 34. 


Given three ordered points M(x, y), Ai(xi, yi), Aisi(xigi, viz) On a circle, 
the area of the triangle M A;A is: is 


x y 1 
Fi = 3 xi 1 
Yur 1 


This area will be negative if A;, M, Ai, are in the positive sense of rotation, 
and positive in the other case. Consequently among the areas F;,:41 only one is 
negative (for example, if M lies between A2, A; the single negative triangle will 
be M A2A3). 

Hence the equation (2) is the same as that which appears in the proposed 
problem. 

II. Solution by Kwan Chao-Chih, Yenching University, Peiping, China 

The equation 
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y 4 ey 4 
(1) K “1 V1 1 1 +L Ye 1 X4 1 = 0 
x2 yo 1 X3 ys 1 1 


represents a conic passing through the points A;,7=1, 2, 3, 4. We want to choose 
K and L such that (1) will represent the circle passing through the four points. 
We first change to homogeneous coérdinates by replacing x:y:1 by x:y:t. By 
making use of one of the two circular points, say (1, 7, 0), we get, after changing 
back again to rectangular coordinates, 


K/L = — [(y2 — ys) — i(x2 — xs) — yx) — — 
+ — 92) — x2) |[(ys — ya) — — x) ]. 


Writing z=x+1y, we have 


(2) 


K/L = (22 — 23)(21 — 24)/(21 — 22)(33 — 24) = 


where |z,—2.| =dnx, and a is the angle from the vector 21—22 to 22.—23, and B 
the angle from z;—24 to 2s3—2z4. From the concyclic property and the given order 
of the A’s we can immediately see that a=8, and thus K/L is completely deter- 
mined as stated in the problem. 

Solved also by Frank Ayres, Jr., E. H. Clarke, J. W. Clawson, H. A. DoBell, 
H. W. Eves, G. B. Huff, C. R. Phelps, O. J. Ramler, C. W. Trigg, and G. A. 
Williams. 

Editorial Note. Most of the solvers used as a basis the above Pappus theo- 
rem and gave proofs of the latter. Trigg deduced this basic theorem from the 
theorem: The perpendicular from a point on a circle to a chord is the mean 
proportional between the perpendiculars from the point to the tangents at the 
extremities of the chord; see 3726 [1937, 58]. Williams deduced it from the theo- 
rem: The product of two sides of a triangle is equal to the product of the altitude 
on the third side and the circumdiameter. Phelps at the end of his solution de- 
duced this basic theorem as an incidental result. Some of the solvers first re- 
placed the given determinants by areas of triangles expressed in terms of an 
angle and the two including sides, and concluded the proof by the use of the 
law of sines, noting equalities of angles in the figure. 


PRE-TRAINING OF AVIATION CADETS 


In January the War Department appointed a committee consisting of Pro- 
fessors W. L. Hart (Department of Mathematics, University of Minnesota), 
W. M. Whyburn (Department of Mathematics, University of California, Los 
Angeles), and C. C. Wylie (Department of Astronomy, University of Iowa) 
“to make a survey of the ground school courses offered in pilot and non-pilot 
courses in the Air Corps Flying Training System, with a view to outlining pre- 
paratory courses to be given in colleges and universities.” 
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The committee made a study of various Air Corps schools and recommended 
a pre-training program for Aviation Cadets. These recommendations are incor- 
porated in the following communication issued by Major General Yount: 


War Department 
Headquarters Air Corps Flying Training Command 
Washington 


In order to man our ever increasing armada of combat planes, the Air Corps has need for a 
continuous flow of well prepared, intelligent aviation cadets. It is definitely our opinion that the 
typical young man who satisfies the recently announced requirements for enlistment as an aviation 
cadet will satisfactorily pass one of the curricula of the Air Corps for which he is eligible. However, 
certain subject matter which can be studied in high school or in college would widen the possible 
range of a cadet’s usefulness to the Air Corps and might decrease the time required for him to arrive 
at maximum combat efficiency. Consequently, in the case of a young man who does not intend to 
enlist immediately as an aviation cadet, but who plans such action later, the Air Corps recommends 
whichever of the following arrangements for pre-training is most appropriate for him: 


Plan I. Pre-training through Regular High School and College Courses 


If time limitations permit, it is recommended that a student get his pre-training through regu- 
lar high school and college courses, including the following: advanced high school algebra; at least 
twenty-five lessons in solid geometry including the geometry of the sphere; plane and spherical 
trigonometry; descriptive astronomy; a college course in general physics; a course including a sub- 
stantial amount of cartography. Additional courses in mathematics and the physical sciences 
would be useful for particular objectives within the Air Corps. It should be noticed that many of 
the courses in the preceding program can be taken in high school. 


Plan II. A Special College Curriculum 


Prerequisites: Elementary high school algebra and plane geometry, as taken normally in grades 
9 and 10. 

Extent: Fifteen semester-units or the equivalent in college quarter-units, divided between 
three courses. This amounts to approximately 260 class hours of recitations, lectures, and examina- 
tions; two hours of laboratory work are to be rated as the equivalent of one hour of recitation or 
lecture. 

Time Allowance: One semester, or at most two quarters. 


Course A: Mathematics; 6 Semester Units 


General Features: The emphasis on theory should be limited to that minimum amount which 
is essential if the student is to appreciate the content of the course. Numerical applications should 
be emphasized whenever possible. 

Part 1, Algebra: Approximately 25 class hours; the content should be selected from any reput- 
able college text to emphasize the manipulative skills needed for numerical trigonometry, physics, 
and the most elementary technical fields; graphical methods should be introduced. 

Part 2. Plane Trigonometry and Logarithms: Approximately 40 class hours; the content should 
be selected from any reputable college text including both plane and spherical trigonometry; pri- 
marily a course in the numerical aspects of trigonometry with only that amount of analytical 
trigonometry which is essential for the major purpose of the course and for the similar course in 
spherical trigonometry; substantial emphasis on slide rule computation with each student possess- 
ing a cheap slide rule; stress on applications of all sorts, particularly those involving vector forces 
and velocities, and army or navy terminology; only simple aspects of graphing need be included. 

Part 3. Solid Geometry: Approximately 25 class hours; the course is designed to create accurate 
space intuitions on the part of the student and to prepare him for spherical trigonometry and cer- 
tain aspects of astronomy; the content should be selected from any standard text for high school 
solid geometry and should include a treatment of straight lines, planes, dihedral and trihedral 
angles, and the geometry of the sphere; other major parts of the usual course may be practically 
omitted; proofs should be held to a bare minimum; great emphasis should be placed on the drawing 
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of figures and the making of simple paper models for three dimensional situations; the items of con 
tent which will be used in spherical trigonometry should receive particular attention. 

Part 4. Spherical Trigonometry: Approximately 10 hours; introduction to the formulas for the 
solution of right triangles and general triangles; emphasis on problems relating to latitude, longi- 
tude, and the astronomical triangle on the celestial sphere; examinations should be of the “open 
book” type; a major object of the course is to give the student confidence later in the use of naviga- 
tion tables which frequently make it unnecessary for the navigator to carry out the solution of 
spherical triangles. 

Course B: Astronomy, Maps, and Weather: 4 Semester Units 


General Characteristics: The object of this course is to give a thorough familiarity with those 
features of astronomy which are essentials for navigation. It would be sufficient to give merely a 
few lectures of popular type concerning the topics stressed in the usual course in descriptive astron- 
omy, but not included below. The textbooks on descriptive astronomy, now available for this 
course, will have to be supplemented by material on map projections and weather phenomena. 

Topical Outline: Coordinates on the celestial sphere; motions of the earth; rough determination 
of time; star charts and maps; the atmosphere; seasons and climates; the planets; identification of 
stars and planets in evening laboratory hours, not necessarily using a telescope. 


Course C: Physics: 5 Semester Units 


General Features: Numerical problems, vector methods, and applications of trigonometry 
should be stressed at every opportunity. The course should not be of theoretical type. It should 
include from two to four hours of laboratory work per week. The teacher should employ a standard 
college textbook from which most of the indicated topics can be selected. 

Topical Outline: Mechanics; heat, light; sound; electricity and magnetism. At the appropriate 
places, the following topics should be given special attention because of their importance in meteor- 
ology: saturation; vapor pressure; humidity; latent heat on condensation; evaporation; sublima- 
tion; fusion; super-saturation; super-cooling. 

Note: The preceding special Plan II could be telescoped into eleven or twelve weeks for stu- 
dents who have already had advanced high school algebra and some solid geometry. 


BarTON K. YOUNT 
Major General, U. S. Army 
Commanding 
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Timely Mathematics Texts for Colleges 


Nelson, Folley, Borgman’s 


CALCULUS 


Ready this month 


Early introduction of integration of pow- 
ers and polynomials, including applica- 


Curtiss & Moulton’s 


ESSENTIALS OF 


TRIGONOMETRY 
WITH APPLICATIONS 


For your war courses 


tions to geometry and physics. 


Carefully selected problems, well intro- Keyed to our war problems—for a basic 


duced by illustrative examples. course emphasizing the essentials of plane 
and spherical trigonometry and their ap- 
plications. With Tables, 278 pages, $2.25. 


Without Tables, 182 pages, $2.00. Tables 


Accurate statement of fundamental prin- 
ciples and theorems, often accompanied by 
supplementary working rules. About 370 


pages. $2.75 & separately, 96 pages, $1.25 
D. C. HEATH AND COMPANY BOSTON NEW YORK 
CHICAGO ATLANTA SAN FRANCISCO DALLAS LONDON 


Analytic Geometry Texts 


ANALYTIC GEOMETRY, Revised Edition 
By Raymond W. Brink, Ph.D. 


F°* A RICH, complete, and adaptable course in analytic geometry, the revised edition of 
this book is an ideal text. The emphasis is on logic and method, so that the student is 
encouraged to attack problems with courage and independence. Problems, carefully graded 
and distinctive for their variety, freshness, and usefulness, provide for immediate application 
of theory, and formal exercises give training in the development of technique. The book is 
particularly useful as preparation for calculus and other advanced mathematical studies. 
8vo0, 350 pages. $2.90. 


ESSENTIALS OF ANALYTIC GEOMETRY 
By Raymond W. Brink, Ph.D. 


S IMPLER, more flexible, and somewhat less detailed than the author's Analytic Geometry, 
this book covers fully all topics usually taught in analytic geometry courses in American 
colleges and universities. It is compact, well organized, and clearly written, and it provides 
sufficient material in method, information, and problems for preparation for calculus and 
for the development of general mathematical maturity and background. Small 8vo. 233 pages. 


$2.25, 
D. APPLETON-CENTURY COMPANY 
35 West 32nd Street New York, N.Y. 


FIRST YEAR COLLEGE MATHEMATICS 


Richtmeyer and Foust 


Early comments point out the pedagogical correctness of this new book. 
The self-tests, the large number of problems (3976) and the early intro- 
duction of the concepts of the calculus all indicate a thorough classroom 
text. Its unification through function marks it a modern text. 

461 pages octavo $3.25 


PLANE TRIGONOMETRY 


Patterson and Hickson 


An original method of emphasizing trigonometry as a tool makes this 
an unusually practical text. Bound with and without Crawley’s Five 
Place Tables of Logarithms. 


crown octavo $1.75 


219 pages with tables $2.25 


F. S. CROFTS & CO. 
101 Fifth Ave., New York 


WRITE FOR FULL DESCRIPTIONS 


A clear, competent 
survey of the essentials 


of plane trigonomet 


BRIEF 
TRIGONOMETRY 


By Edward A. Cameron, University of North Carolina $1.35 


“For a short course this is a very satisfactory piece of work. I heartily approve 
the manner of presentation and am pleased to see a number of devices that work 
well in class but haven’t seemed to get into texts before this. The material is well 
selected and balanced and iunenier in an accurate and logical manner.” 

Emory P. Starke, Rutgers University 


SOME CURRENT ADOPTIONS FOR DEFENSE COURSES 


Brooklyn College, Kent State Univer- 
sity, New Jersey College for Women, 
Temple University, Universities of 
Arizona, Cincinnati, Connecticut, Del- 
aware, Kentucky, North Carolina, 
Wisconsin, etc. 


The lucidity and conciseness of 
BRIEF TRIGONOMETRY make it 
well adapted to defense training 
classes and it has been used in such 
work at Cornell University, New 
London Junior College, Pennsylvania 
State College, etc. 


REYNAL & HITCHCOCK, 386 Fourth Avenue, New York 
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BRIEF TRIGONOMETRY 
A TEXT IN TWENTY ASSIGNMENTS 


A. R. CRATHORNE & G. E. MOORE 
University of Illinois 


A practical, compact introduction to the fundamental principles of trigo- 
nometry illustrating the uses of the subject and familiarizing the student with 
its basic aspects through the solution of well-chosen and varied problems. 
Brevity is attained through the abbreviation and omission of topics which 
are given in courses in more advanced mathematics. A brief supplement 
covering "The Mil" is now available gratis. 


121 pages. $1.20 


ELEMENTARY FUNCTIONS 
AND APPLICATIONS 
REVISED 


ARTHUR S. GALE & CHARLES M. WATKEYS 
University of Rochester 


"Anyone who can still think of a college foundational course in terms of 
any of the several watertight compartments it is so often confined to should 
turn the pages of this excellent text. He will see how cleverly its authors have 
woven the basic material of all branches of mathematics into a unified, 
fascinating story of what mathematics is all about." 


John B. Bowker, Middlebury College 
409 pages. $2.25 


HOLT 257 FOURTH AVENUE NEW YORK 
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Outstanding McGraw-Hill Booka 


FIRST YEAR COLLEGE MATHEMATICS. Two volumes 


By H. R. Cootey, P. H. Granam, F. W. Joun, and A. TiLLey, New York 
University. 
Logarithms, Trigonometry, Statistics. 283 pages, $2.00 
Contains all the standard material with special emphasis on functional relations 
and applications. Slide rule and growth problems are dealt with in connection 
with logarithms. Trigonometry is applied to vibratory motion, polar coordinates, 
and complex numbers. 


College Algebra. 387 pages, $2.25 

Includes the material usually covered in this course, considerably reorganized and 
presented in a fresh, lucid manner. There is a particularly careful and detailed 
presentation of mathematical induction and other forms of reasoning. 


SPHERICAL TRIGONOMETRY WITH NAVAL AND MILITARY 
APPLICATIONS 


By Lyman M. Ketts, Wit.is F. Kern and James R. BLAND, U. S. Naval 
Academy. In press—ready in May 


Represents a revision and expansion of the spherical trigonometry section of the 
authors’ well-known Plane and Spherical Trigonometry. It is written with a view 
to the needs of men who expect to become officers in the army, navy, or air corps. 
The important applications and logarithms to navigation and related topics are dis- 
cussed and illustrated by examples. Small angle methods are employed to find 
heights and distances and to explain the underlying principle of the range finder. 
Maps, charts, and graphs are dealt with and detailed attention is given to problems 
involved in navigation. 


ELEMENTARY MATHEMATICS IN ARTILLERY FIRE 
By JoserpH M. Tuomas, Duke University. 255 pages, $2.50 


A new book of timely importance, dealing with problems which arise in artillery 
fire and which can be solved by means of elementary mathematics. The approach is 
new in the case of some of the geometric and trigonometric problems, and there is 
a unique treatment of the accuracy of interpolation in the logarithmic tables. 


MATHEMATICS FOR ELECTRICIANS AND RADIOMEN 
By Netson M. Cooke, Chief Radio Electrician, U. S. Navy. 604 pages, $4.00 


Furnishes the electrical and radio student with a sound mathematical foundation and 
shows him how to apply this knowledge to the solution of practical problems most 
frequently encountered in actual practice. The mathematical scope of the book 
includes elementary algebra through quadratic equations, logarithms, trigonometry, 
elementary plane vectors, etc. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, Inc. 
330 West 42nd Street New York, N.Y. 


GEORGE BANTA PUBLISHING COMPANY, MENASHA, WISCONSIN 
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